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Simultaneous measurement of spatially separated forces
using a dual-cantilever resonance-based touch sensor

Jack V. Phan, Robert Hocken, Stuart T. Smith, and Russell G. Keaninia)

Precision Engineering Laboratory, Department of Mechanical Engineering and Engineering Science,
University of North Carolina at Charlotte, Charlotte, North Carolina 28223

~Received 31 May 2001; accepted for publication 5 November 2001!

A simple device for simultaneously measuring two spatially separated contact forces is described.
The device uses a monolithic dual-cantilever touch sensor driven by a piezoelectric PZT actuator. A
phase-locking method allows measurement of resonant frequency shifts at constant phase, based on
the strain response of a second attached PZT. Calibration and force measurement procedures are
developed to extract applied contact forces from the dual-cantilever’s coupled, nonlinear response.
Based on a preliminary calibration, the present device exhibits maximum relative measurement error
on the order of 6%. Procedures for reducing this error are described. ©2002 American Institute
of Physics. @DOI: 10.1063/1.1431439#
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I. INTRODUCTION

Resonance-based sensors are used in a variety of a
cations including material property measurement, mech
cal characterization of fluids and solids, flow and liquid lev
metering and control, surface metrology, and friction for
measurement.1–3 A number of these applications rely on s
multaneous detection of two force components at a poin
on simultaneous measurement of two forces~or force-related
quantities! at spatially distinct points. Examples of th
former include mesoscale3 and micro- and nanoscale4 inves-
tigations of friction and wear while examples of the latt
include fluid flow anemometry, flow metering and contr
and high-sensitivity accelerometry.1

With regard to anemometry, previous methods have u
separate sensors attached to vibrating pipe sections or i
nal vibrating vanes to extract total volumetric flow rate1

Recent work,5,6 however, has focused on developing
resonance-based method for measuringlocal fluid velocities.
Here, based on the measurement principle5 underlying Pitot
tube anemometers, simultaneous measurement of fl
induced forces at two near-coincident points is required. T
present study continues work in this direction by develop
methods for measuring simultaneously applied forces o
dual-cantilever resonance sensor.

Vibrational coupling and nonlinear response can co
promise the accuracy of simultaneous resonance-based
measurements,3,7,8 particularly when a single cantilever i
used. Although these limitations are now recognized, re
tively little work as been reported on methods for accomm
dating and minimizing these effects. For example, the dev
recently reported by Chuiet al.4 appears to represent th
only resonance-based method presently available for de
pling lateral and vertical force measurements at a point.~A
nonresonant method for decoupling simultaneous force m
surements at a point was recently reported by Hendriks
Vellinga.3,7! Of particular importance in treating nonlineari

a!Corresponding author; electronic mail: rkeanini@uncc.edu
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and coupling effects is development of appropriate calib
tion and inversion procedures, where calibration refers
measurement of a beam’s frequency response to known
posed loads and where inversion refers to determination
an unknown force, given a measured response and a kn
calibration.

This article describes development of a relatively sim
resonance-based method for simultaneously measu
forces at two points. As shown in Fig. 1, the device incorp
rates a monolithic dual-cantilever driven by a PZT actua
Decoupling of the dual-cantilever’s nonlinear response
achieved in part by ensuring that each cantilever has a
tinct resonant frequency~achieved here using differing beam
lengths!, and in part by electronic filtering. Calibration an
data inversion procedures are described in detail and m
surement error is assessed. In addition, methods for imp
ing measurement accuracy are briefly described.

II. DESIGN AND CONSTRUCTION OF
DUAL-CANTILEVER PROBE

The device is designed to simultaneously measure
forces,F1 andF2 , whereF1 is applied longitudinally to the
long beam andF2 is applied laterally to the short beam
Refer to Fig. 1. This configuration is designed for futu
application in an enclosed Pitot tube,5,6 where the short beam
will detect local static pressure while the long beam dete
local stagnation pressure. Other configurations are poss
including triple-beam, yaw-correcting measurement of th
pressures, or single beam measurement of static or stagn
pressure.

Measurement of the forces acting on each of the ca
lever beams requires:~i! that the beams’ resonant frequenci
are decoupled;~ii ! that measured resonant frequency sh
can be related to known loads, i.e., a calibration develop
and ~iii ! that the calibration allows data inversion, i.e., me
sured frequency shifts can be used to determine the unkn
forces. We will consider the first requirement as well
© 2002 American Institute of Physics

P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp



ra

n
h

r-
t
on
io

a
ri
ve
a

ite
nd
th
en

-
th
s
ro
o

ea
re

d
es

s in
ced

over
the

nd
ith
so-

ristics
s in

for
n be

s
itive
re-

g

l
and
re-

reat-
ns-
ave

t
ell-

nces
h
uir-
ling

on

in
atio
ur

319Rev. Sci. Instrum., Vol. 73, No. 2, February 2002 Spatially separated force measurement
probe construction in this section and will describe calib
tion and data inversion in Sec. IV.

A. Probe construction

In order to ensure relatively low thermal expansion a
resistance to melting both during fabrication and in hig
temperature applications,5,6 the device is machined from Ca
bide GC-015~15% cobalt, 85% tungsten carbide by weigh!.
For ease of fabrication and testing, the probe’s dimensi
are relatively large. However, the calibration and invers
method, and the results described below are expected to
ply to smaller devices. Actuator and pick-up piezoelect
sensors are bonded to opposite sides of the dual-cantile
vertical arm using M-BOND 200 adhesive. The sensors
fabricated using rectangular~3 mm wide, 10 mm long and 1
mm thick! lead-zirconate-titanate~PZT! plates that are ori-
ented longitudinally along the cantilever’s vertical arm
While both transverse and longitudinal modes are exc
within the dual cantilever, the PZTs’ size, orientation, a
placement have not been optimized to excite or detect ei
of these modes. As noted in Sec. II C below, measurem
are based on detected transverse modes.

B. Approximate design equations and decoupled
beam response

As shown by Vidicet al.,2 transverse or longitudinal ex
citation can be used to drive the dual cantilever. Although
analysis in Vidicet al.2 is not strictly applicable to the beam
in the present device, for preliminary design purposes, it p
vides useful qualitative information on the behavior of res
nance frequency as a function of beam geometry and b
material properties. Thus, the longitudinal resonant f
quency for either beam is estimated as8

v j5
~2 j 21!p

2L S E

r D 1/2

, ~1!

wherev j is the frequency ofj th longitudinal mode,L is the
beam length, andE andr are the beam’s elastic modulus an
density. Likewise, transverse natural frequencies can be
mated using9

v l j 5
Agj

2p
, ~2!

where gj is the natural frequency factor for thej th mode,
A5(EI/rL4)2/3 is the beam’s cross-sectional area, andI is

FIG. 1. Schematic of the dual-cantilever touch sensor.
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the beam’s second moment of inertia. If necessary, shift
the first longitudinal resonant mode due to contact-indu
added mass and stiffness effects can also be estimated.2

The response characteristic of each cantilever beam
a small frequency band about a resonance depends on
beam and boundary conditions’ compliance, inertia, a
damping. Since these parameters in turn generally vary w
the contact force applied to the beam’s tip, the sensor’s re
nance frequencies and associated response characte
also vary. However, since contact force-induced variation
compliance, inertia, and damping are fixed and repeatable
a given sensor, variations in resonance and response ca
directly and unambiguously related~via calibration! to the
contact force. As an illustration, consider sealed Pitot tube5,6

in which each beam tip contacts an elastic, pressure-sens
diaphragm. Increasing fluid pressure on the diaphragm
duces the compliance of the elastic~Hertzian! contact be-
tween the tip and diaphragm while likely increasin
structural/interface damping and inertial loading~due to in-
creased area of contact!. Barring contamination and materia
or structural changes, however, compliance, inertia,
damping variations remain fixed and variations in sensor
sponse depend only on pressure. Note that theoretical t
ments relating applied force on a dual cantilever to tra
verse or longitudinal resonance frequencies apparently h
not been reported.

From Eqs.~1! and ~2!, it is apparent that in the presen
design where both beams have identical cross sections, w
separated resonant frequencies require significant differe
in beam lengthL. As shown in Fig. 1, a long-beam lengt
twice that of the shorter was chosen. In applications req
ing equal or near-equal beam lengths, vibrational decoup
can be ensured by mismatching beam materials (E/r),
and/or beam cross sections.

C. Phase locking

The dual-cantilever’s frequency response functi
H( j v) is first determined under nonloaded conditions,F1

5F250, over a range of excitation frequencies. As shown
Fig. 2, for the resonator described here, the amplitude r
uH( j v)u exhibits four peaks, corresponding to the first fo

FIG. 2. Typical system frequency response function.
P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp
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system resonances. The two lowest frequency peaks re
fixed at all forcing frequencies and correspond to modes
cited in a heavy clamp used to fix the dual-cantilever pro
The highest and next highest peak frequencies,v2

(o) and
v1

(o) , by contrast, correspond, respectively, to the short
long beam’s lowest order transverse resonant frequencies
are sensitive to loading. In particular, under load, effecti
added stiffness increases each beam’s resonant frequ
which, in turn, produces shifts,Dv1 andDv2 , in v1

(o) and
v2

(o) .
A standard phase locking circuit is used to detect

frequency shiftsDv1 andDv2 , as a function of the applied
loadsF1 and F2 . The principal of operation is as follows
First, the phasesf1

(o) and f2
(o) and corresponding long an

short beam resonant frequenciesv1
(o) andv2

(o) are measured
under nonloading conditions. A load combination, (F1 ,F2),
is then applied, and a corresponding frequency respo
function generated by exciting the PZT actuator over narr
bands of frequency nearv1

(o) and v2
(o) . Due to changes in

effective added stiffness, the resonance frequencies shi
v1(F1 ,F2) and v2(F1 ,F2); these in turn are determine
from the updated frequency response function using the c
stant phasesf1

(o) andf1
(o) .

III. EXPERIMENTATION

A longitudinal force,F1 , and transverse force,F2 , are
simultaneously applied to the tips of the long and sh
beams, respectively. Due to the short beam’s relatively
sensitivity to transverse loading, this choice provides a fa
robust test of the dual-cantilever’s capabilities. While a
combination of purely transverse and longitudinal load
can be applied to the beam tips,oblique loading introduces
two force components at each tip, necessitating a more
volved calibration procedure. During calibration~see below!,
the range of applied forces is limited to 0.035 to 0.36 N.

The forces are applied through flexure-based load ce
each of which are monitored using a linear variable differ
tial transformer~LVDT !. Here, a micrometer presses a sm
spring (stiffness52.23106 N/m) connected to the LVDT
(sensitivity550 mV/mm) which in turn contacts the beam
tip. Voltage from the inductive gage is measured via a v
meter (accuracy50.02 mV) while a digital signal analyze
~DSA; Hewlett–Packard model HP 35665 A! creates the
driving signal and detects the response at the sensing PZ
is important to note that contact forces must be applied
the same means during both calibration and measurem
For example, in the present set of experiments~and as al-
luded to in Sec. II B!, since the sensor’s response depend
part on the spring’s spring constant, calibration, and fo
measurements use the same spring and associated a
ments. The DSA also determines the phase lagsf1

(o) and
f2

(o) between the driving signal and the unloaded beams
then measures the frequenciesv1 and v2 ~at these phase
lags! as functions of the applied forcesF1 andF2 . A sche-
matic of the experimental setup is shown in Fig. 3.
Downloaded 24 Aug 2007 to 152.15.180.24. Redistribution subject to AI
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IV. CALIBRATION AND DATA INVERSION

A. Calibration

The calibration procedure constitutes a two-step proc
and results in the creation of two calibration surfaces,v1

5V1(F1 ,F2) andv25V2(F1 ,F2). In the first step, a set o
frequency measurements is obtained by incrementally v
ing F1 ~the force on the long beam! from Fmin(50.036/N) to
Fmax(50.35/N) while holdingF2 ~the force on the shor
beam! fixed at, say,F2

( i ) . The resulting measurements ofv1

and v2 are then fit to third order polynomials, giving th
curvesv15v1(F1 ,F2

( i )) andv25v2(F1 ,F2
( i )). This process

is repeated at a series of fixed valuesF2
( i ) , whereFmin<F2

(i)

<Fmax. In the second step, two-dimensional linear interpo
tion is used to generate the surfacesV1(F1 ,F2) and
V2(F1 ,F2); these are saved digitally at fixed intervals inF1

andF2 . As described by Phan,5 polynomial fitting and linear
interpolation programs used for calibration were written a
validated against commercial software. Contour plots of
surfacesV1 andV2 are shown in Figs. 4 and 5.

B. Data inversion

Determination of two unknown forces,F1 andF2 , given
frequency measurementsv1 and v2 , requires inversion of
the calibration relationshipsv15V1(F1 ,F2) and v2

5V2(F1 ,F2). The inversion procedure, and several pote

FIG. 3. Schematic diagram of force measurement system.

FIG. 4. Contour plot of calibration surfacev15V1(F1 ,F2). Frequencies
shown in Hz.
P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp
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tial pitfalls, are perhaps most easily described in geome
terms. Thus, consider the surfacesV1 andV2 shown in con-
tour in Figs. 4 and 5. Given a measured value ofv1 , which
we will denote asv1

(m) , then the set of all possible force
(F1 ,F2) capable of producingv1

(m) defines a curveG1
(m) ,

where G1
(m) is the intersection between the planev5v1

(m)

and the surfaceV1 . Likewise, the set of all force pairs ca
pable of producing the observed value ofv25v2

(m) defines a
similar curveG2

(m) on the surfaceV2 .
Given the curvesG1

(m) and G2
(m) , representing a set o

two nonlinear equations in two unknowns,F1 andF2 , then
three potential outcomes must be considered:~1! no solu-
tions exist; ~2! one solution exists; or~3! more than one
solution exists. The first possibility can be dismissed by r
ognizing that the curvesG1

(m) and G2
(m) , projected on the

planev50, must cross at least once. Since all points on b
curves are experimental realizations of the dual-cantilev
response to applied forces, any pair of observed frequen
must correspond to at least one pair of imposed forces, i.
point (F1 ,F2) common to both curves.~This assumes tha
the unknown forces lie within the range of forces used
generate the calibration.!

Considering the third possibility, that of multiple solu
tions, we find that in most cases, the curvesG1

(m) and G2
(m)

actually cross at two points, i.e., two distinct pairs of appl
force are capable of producing a nominally identical pair
resonant frequencies. Prior to discussing this observatio
is useful to briefly differentiate between instances when
curves actually cross and when the curves touch or appe
touch tangentially. The first case, indicated when data po
on each curve lie fore and aft of the crossing point, sign
the existence of an actual root or solution. The second c
could indicate a real solution, but more likely represent
spurious solution produced, e.g., by suboptimal resolution
frequency shift measurements and/or interpolation error
troduced during calibration. Fortunately, extensive tests s
gest that in this system, tangential incidence never occ
Thus, considering the observation that most curves c
twice, it is clear that this feature reflects the system’s non

FIG. 5. Contour plot of calibration surfacev25V2(F1 ,F2). Frequencies
shown in Hz.
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In order to determine which solution should be use
ancillary information regarding, e.g., the relative magnitud
of the forcesF1 andF2 may in many cases be used to elim
nate the inappropriate solution. For example, and as m
tioned, the present device will eventually be incorporated
a Pitot-tube-based anemometer;5,6 in this case, since the sum
of the static and dynamic pressures on the long beam
larger than the static pressure on the short beam,F1.F2 . As
another example, the present device could be used for
precision fluid density measurements. In this case, the ca
levers would be aligned vertically, parallel to the gravi
field, so that a slightly higher hydrostatic force on the lo
beam would again lead to the constraintF1.F2 . Alterna-
tively, nonunique solutions can be circumvented at the c
bration stage by using data that satisfy any given constr
betweenF1 andF2 . In cases where no such constraint exis
it may be necessary to validate the data inversion proced
over the entire range of observable frequencies; here, sp
ous solutions are identified and flagged prior to actual fo
measurements.

V. RESULTS AND DISCUSSION

In order to test the dual-cantilever method, 20 differe
arbitrarily chosen pairs of known forces, (F1

(a) ,F2
(a))u1 ,...,

(F1
(a) ,F2

(a))u20, are applied to the dual cantilever and th
corresponding resonant frequencies measured. Each of th
pairs of measured resonant frequencies are then input
the data inversion program which determines 20 associ
pairs of estimated force, (F1

(e) ,F2
(e))u1 ,..., (F1

(e) ,F2
(e))u20.

Comparisons of the actual and estimated forces for eac
the 20 trials are shown in Figs. 6 and 7. Defining maximu
relative errors,E1 andE2 , as

E15maxUF1i
~e!2F1i

~a!

F1i
~a! U, i 51,...,20

and

FIG. 6. Comparison of forces measured by dual-cantilever touch se
with actual imposed forces. Twenty simultaneous force measurements
performed. The forcesF1 shown here are those on the long beam wh
those shown in Fig. 7 (F2) are those on the short beam.
P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp
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E25maxUF2i
~e!2F2i

~a!

F2i
~a! U, i 51,...,20

we see from Fig. 8 thatE1 is approximately 6% whileE2 is
on the order of 2%.

The effect of interpolation error is apparent in Fig.
where the largest errors occur at~interpolated! points
(F1 ,F2) that are somewhat removed from experimen
points used in calibration. In order to improve the accura
of dual-cantilever-based force measurements, the accura
the calibration between force and frequency can be
proved. This in turn requires enhanced frequency shift m
surement resolution and reduction of interpolation error. F
quency shift measurement resolution can be improved
using larger samples when determining average freque
shifts @at any given set of imposed forces, (F1 ,F2)#, and by
reducing measurement uncertainty due, e.g., to ambient
perature variations and stray vibration.@Note that the fre-
quency shifts used in the present calibration each repre
an average over 100 trials.# Interpolation error can be re
duced by increasing the number of data points used in c
bration and through use of higher order interpolati
schemes.

Development of a resonance-based method for simu
neously measuring two spatially discrete forces provides
basis for developing alocal, resonance-based flow anemom

FIG. 7. Comparison of forces measured by dual-cantilever touch se
with actual imposed forces. See the caption to Fig. 6 for an explanatio
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etry. More generally, and as shown above, the nonlin
coupled response of cantilever-based measurements can
to nonunique extraction of forces. Although nonlinear co
pling characterizes many cantilever-based measureme
e.g., friction force microscopes,7 the potentially ubiquitous
nature of this problem has not been considered in the lite
ture. In addition, development of robust calibration and
version procedures is critical to tackling problems associa
with nonlinear coupling.
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