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Scale analyses indicate that three distinct contaminant
mass-transfer processes, occurring on distinct time
scales, underlie formation of the alpha case on small
titanium castings. High rates of mold-to-liquid metal
mass transfer occur during an extremely short induction
period, the length of which is determined by the time
required for heterogeneously nucleated solidification
fronts to cover mold surface asperities. Following the
induction period, but prior to complete cast solidifica-
tion, mold contaminants diffuse through a rapidly
growing solidification layer, where the solid-phase mass-
diffusion boundary layer grows at a rate approximately
an order of magnitude slower than the solidification
front. Finally, following complete solidification and
until the part is removed from the mold, contaminant
mass transfer continues via solid diffusion. Based on the
scale analyses, an analytical model that incorporates an
empirical relation between titanium solid phase oxygen
concentration and titanium microhardness is developed
and compared against representative experimental near-
surface microhardness measurements.
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Due to the extreme reactivity of liquid titanium with
most constituents and contaminants found in typical
cast molds,[1,2] titanium castings are subject to forma-
tion of a thin, hard, brittle surface layer, commonly
referred to as the alpha case. Although the formation of
the alpha case is well known and accommodated for
within the titanium casting community, a detailed
understanding of both the dynamics and transport
phenomena associated with its formation remains elu-
sive. The purpose of this article is to first examine, via
scaling analyses, some of the essential thermophysical
features underlying the process, and then, based on the
scaling analysis, to develop a simple mathematical
model of the process.

We focus on the casting of small parts, i.e., those
having characteristic dimensions on the order of 10–2 m
or less, because at these scales, the presence of an alpha
case impacts cast part mechanical properties much more
severely than at larger scales. In addition, because we
will derive a model describing formation of the alpha
case and then will compare the model against a
particular, though representative set of, experimental
measurements,[3] we focus on the case of casting within a
drop cast hearth using a nonconsumable arc heat
source.[3] Nevertheless, the basic physical processes and
model described here will have application to a wide
range of casting operations.
In the experiment cited,[3] 20-mm-diameter Ti rods

were cast in zircon sand molds, where, as a means of
varying mold oxygen content, the molds were prefired for
2 hours at four different temperatures, 873 K, 1073 K,
1273 K, and 1473 K, prior to casting. Once cast, the rods
were cut and, among various tests, subjected to microh-
ardness measurements and microstructural study.
We first determine, qualitatively, the sequence of

events that occurs within the casting, beginning from the
instant that a drop of liquid Ti first falls into the mold.
Thus, initially, based on a number of measurements of
microhardness, H,[3,4] showing that H remains essen-
tially invariant beyond a certain subsurface depth, we
conclude that a short induction period exists prior to the
initiation of inward solidification from the mold surface.
During this induction period, due to the motion of the
molten drop impinging on the mold, solidification is
largely suppressed and reactive mold constituents rap-
idly pass into the liquid Ti.
Focusing initially on solidification in molds, e.g., sand

molds, having relatively rough surfaces, we argue that
due to near-zero fluid velocities and low mold surface
temperatures, heterogeneous solidification is first initi-
ated within the small asperities that permeate such mold
surfaces. Indeed, this process represents the solid-liquid
phase change analog to heterogeneous boiling (liquid-
vapor phase change) that occurs when vapor cavities
spontaneously form within (and subsequently grow
from) superheated asperities in heated surfaces.[5] The
induction period time scale, sI, is thus determined by the
time required for solidification nuclei to grow from
surface asperities to some characteristic depth, 2a. While
it is tempting to identify 2a as the average surface
roughness, bulk microhardness measurements, which
show similar values in titanium samples cast in both
sand and investment molds[7] (where the average rough-
ness of the latter is approximately an order of magnitude
smaller than in the former[8]), suggest that 2a corre-
sponds to an asperity scale smaller than the average
roughness of sand molds. Importantly, we recognize
that throughout the induction period, reaction products
and contaminants from the mold pass via diffusion into
the liquid Ti. As noted by Saha,[3] due to the high
diffusivity of most constituents in liquid Ti, and due to
turbulent dispersion, these contaminants are spread
uniformly throughout the liquid phase.
We envision a typical asperity as a cone- or rod-

shaped cavity that has a characteristic depth 2a and a
similar characteristic diameter (of order 2a). In order to
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obtain an estimate of sI, we first estimate the character-
istic time-dependent heat flux, q, passing through the
asperity (from liquid metal to mold) as q� klDT/d(t),
where kl is the characteristic thermal conductivity of the
liquid metal, DT is the characteristic temperature
difference between the initial temperatures of the liquid
metal and mold, T0 and Tmo, respectively (DT = T0 –
Tmo), and d(t) is the time-dependent thermal boundary
layer thickness (which grows outward from the asperity
surface into the liquid).

Using the standard energy equation, qCpDT/
Dt = �Æk�T, where DT/Dt is the material derivative
and where advective transport terms on the left are
negligible within any given asperity, we obtain an order
of magnitude estimate for d(t) by balancing the surviv-
ing time derivative term on the left with the dominant
conduction term on the right, yielding dðtÞ �

ffiffiffiffiffi

at
p

, where
a is the thermal diffusivity. Next, we recognize that, in
an order of magnitude sense, the flux passing through
the asperity will be on the order of the latent heat release
generated as the liquid starts to solidify at the asperity
walls, or q � klDT=

ffiffiffiffiffi

at
p
� qUaL, where q is the liquid

density, Ua is the characteristic speed of the growing
solidification front, and L is the latent heat of fusion. In
addition, we note that the time required for the
solidification front to grow out of the asperity, which
again we identify as sI, is on the order of sI�2a/Ua.
Combining this estimate with the latent heat energy
balance immediately above and solving for sI then yields
sI � aq2L2 22a =ðk2l DT2Þ. Using characteristic values for
each of the parameters in this estimate (Table I), we
then obtain sI � 2ð104Þ 22a. Although existing data are
insufficient to estimate 2a and thus sI, an upper bound
on sI is obtained using the average roughness of sand
molds;[8] thus, using 2a� 2.5(10–5) m, we find
sI
(max)� 1.25(10–5) seconds.
Once solidification ensues at the mold surface, the

solidification front grows into the liquid metal; due to
lower solid-phase diffusivities, mass transfer of mold
constituents and reaction products into the casting
becomes suppressed and a mass transfer diffusion layer
begins to form in the solidified metal. Thus, a key
question, which bears directly on how solid phase mass
transfer should be modeled, arises as to the relative rates
of growth of the solidification front and the solid-phase
mass-transfer diffusion layer. If the diffusion layer grows
much faster than the solidification front, then we would
expect to see a nearly uniform distribution of contam-
inants within the solidified casting. In this limit, the

equation governing solid-phase mass transfer,
C,t = �ÆD�C, simplifies to a spatially lumped model.
On the other hand, if the solidification front grows much
faster than the mass-transfer diffusion layer, then we will
observe a concentration boundary layer frozen into the
solidified casting; mathematically, in the case where
mass transfer occurs predominantly in one direction and
where, for simplicity, the mass diffusivity, D, is taken as
constant, we can tackle this limit using the classic one-
dimensional diffusion equation, C,t = DC,yy. As we
now show, and as observed in a number of experimental
investigations,[3,4,6] in the case of titanium casting, the
second limit applies.
In order to determine the approximate speed, U, of

the solidification front once it begins to grow away from
the mold surface, we employ the energy balance across
the phase change interface (and assume for simplicity
that no mushy zone exists), klTl;n � ksTs;n ¼ qUL; where
the subscripts, n, denote normal derivatives. (While
oxygen contamination leads to formation of a mushy
zone, in carrying out an order of magnitude analysis,
this effect is expected to be of secondary importance.
Specifically, due to a combination of relatively low
oxygen concentrations and short solidification times (as
subsequently discussed), the presence of a small mushy
zone is not expected to significantly alter either the
accuracy of the phase interface energy balance given
immediately above or the subsequent scaling estimates
derived from this balance.) Due to small casting sizes
and the large temperature gradients extant, at least
during solidification, the liquid and solid-phase heat
fluxes into and out of the phase change interface are
each of the same order of magnitude as the latent heat
release term; thus, we have the approximate relationship
qUL � ksDT=R; where again the characteristic temper-
ature difference can be taken as the difference between
the initial temperatures of the liquid metal and mold, T0

and Tmo, respectively. Using the parameter values in
Table I, we find that U � 2ð10Þ�3m/s; equally impor-
tant, the corresponding total solidification time,
ss � R=U, is only on the order of 5 seconds.
An estimate of the solid-phase contaminant boundary

layer growth rate is readily obtained by balancing the
local time rate of the change term in the solid-phase
mass-diffusion equation against the dominant radial
diffusion term, yielding dm �

ffiffiffiffiffiffiffi

Dst
p

, where Ds is a
characteristic mass diffusivity of oxygen in b titanium.
We use the diffusivity of oxygen because atomic oxygen
typically comprises the most significant mold constitu-
ent in surface alpha layers.[4,6] Forming the ratio of dm(t)
to the time-dependent solidification depth, ds(t)�Ut, we
finally obtain dm/ds� 1.4(10–3)/t1/2; thus, for t >> 10–
6 seconds, i.e., for essentially the entire solidification
time interval, the melt interface grows much faster and is
much thicker than the mass-transfer boundary layer.
The preceding scaling analyses allow us to interpret

several well-known experimental observations. (1) The
short induction period, sI, which is proportional to the
square of some critical surface asperity length scale, 2a,
corresponds to a period of high contaminant transport
into the casting. As noted by Saha,[3] turbulent transport
within the bulk liquid metal leads to a subsequent

Table I. Parameter Values

Parameter Magnitude Reference

L 3.88 · 105 J kg–1 9
R 1.0· 10–2 m 10
kl, ks 2.19· 10 W m–1 �C–1 11
To 2.5 · 103 �C 12
Tm 1.668 · 103 �C 11
Tmo 8.00· 102 �C 3
a 9.22 · 10–6 m2 s–1 11
q 4.54 · 103 N s m–2 11
Ds 7.98 · 10–12 m2 s–1 6
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uniform bulk distribution of contaminants. (2) The
short cast solidification time, which, for the conditions
described in References 3, 6, and 7 is only on the order
of 5 to 10 seconds, suggests that the liquid-phase
contaminant distribution, determined by the rapid mass
transfer that occurs during the induction period,
becomes frozen into the solidified casting. The magni-
tude of the bulk contaminant concentration is almost
certainly determined by a combination of the length of
the induction period, sI, as well as by the chemical
makeup of the mold.[3,6,7] (3) Once solidification is
complete, due to low solid-phase mass diffusivities, this
frozen-in distribution only changes in the thin mass-
transfer boundary layer, dm, located near the mold
surface. Importantly, this layer (a) corresponds to the
alpha case and (b) grows roughly as

ffiffiffiffiffiffiffi

Dst
p

. (4) The latter
scaling result, indicating that dm(t) is independent of the
concentration of contaminants at the mold surface, is
fully consistent with a number of experimental near-
surface microhardness measurements;[1,3,4] specifically,
these studies showed that the depth over which microh-
ardness exhibited significant variation, corresponding to
the spatially varying portion of the contaminant distri-
bution, is independent of the mold surface contaminant
concentration.

Having determined the essential qualitative nature of
the thermophysical processes underlying formation of
the alpha case, we can now formulate an appropriate
model of the process. In particular, we focus on
developing a model of how the contaminant boundary
layer grows from the instant that the solidification front
grows off of the mold surface, denoting this instant as
t = 0, to the instant, t = s0, when the casting is
removed from the mold. (Note, s0 is on the order of 1
to 3 hours, or, equivalently, s0 = O(103 s)).

As an important preliminary, we first introduce an
assumption concerning the relationship between casting
microhardness and contaminant concentration within
the solid phase. Specifically, because oxygen appears to
represent the dominant mold constituent taken up in
titanium castings,[4] we make use of a correlation
developed by Saha et al.[6] relating cast Ti oxygen
concentration to microhardness. In developing the
correlation, Saha et al. carried out Vickers hardness
tests (using 50-g loads) on polished 40-mm-diameter Ti
buttons, each having a fixed oxygen concentration
ranging up to 20,000 ppm (and average grain sizes on
the order of 400 lm).[6] The resulting correlation has the
form

H=Ho ¼ ðC=CoÞm ½1�

where H is microhardness, C is oxygen concentration,
and Ho and Co are arbitrarily chosen reference values
of microhardness and concentration, respectively.
Using Saha’s data,[6] we take Ho = 107 VHN and
Co = 794 ppm, corresponding to the smallest hardness
and associated concentration values reported. In addi-
tion, based on Saha’s data,[6] m = 0.56059.

Based on the preceding scaling analysis, it is clear that
over the time span 0 � t � so, contaminant transport
near the mold boundary takes place strictly within the

solidified metal and is thus governed by the solid-phase
diffusion equation noted earlier. In addition, consider-
ing the experiments reported by Saha et al.,[3] where
castings were cylinders having diameters and lengths of
2(10–2) m and 10(10–2) m, respectively, we assume that
transport is strongly one-dimensional, in the inward
radial direction. Defining y as the normal coordinate,
directed radially inward from the casting surface, y = R
– r, where r is the radial coordinate, it is readily shown
that because oxygen mass transfer is confined to values
of y much smaller than the cylinder radius, R, the
equation governing oxygen transport into the solidified
titanium simplifies to C,t = (DsC,y),y. Finally, for sim-
plicity and due to an apparent lack of data concerning
the diffusivity of oxygen for temperatures greater than
1425 K,[6] we take Ds as constant.
In order to proceed, we define the solid-phase oxygen

concentration relative to the fixed, bulk concentration,
C¥, as c(y,t) = C(y,t) –C¥; it is readily seen that c(y, t)
obeys the same diffusion equation as C. The boundary
conditions and initial condition on c are as follows. At
the mold wall, we assume an effective, constant concen-
tration, Co, of soluble oxygen; thus, c(y = 0,
t) = co = Co – C¥. For large y, we assume that oxygen
transport becomes negligible; thus, c,y fi 0 as y fi ¥.
Finally, based on our preceding scaling analysis, we
assume that the initial solid-phase concentration is equal
to the bulk concentration (which becomes frozen into
the bulk at the end of the solidification period); thus,
C(y, t = 0) = C¥, so that c(y, t = 0) = 0. (Note that,
in principle, Co could be related to the bulk moisture
content within a given mold. In order to develop such a
relationship, mold porosity, permeability, thermal con-
ductivity, and specific heat, along with the mold’s
thermal history, would likely be required.)
The solution for the relative concentration field is

readily obtained and is given by

cðy; tÞ ¼ coerfc
y

2
ffiffiffiffiffiffiffi

Dst
p

� �

½2�

where erfc (x) is the complimentary error function.
Next, we observe that the near-surface oxygen con-

centration, as indicated again by near-surface measure-
ments of microhardness, exhibits self-similar structure.
This is shown in Figure 1, where we plot microhardness
measurements from Saha et al.[3] in the form of a
relative microhardness function, w, where the experimen-
tal form, w(exp), is defined as

wðexpÞðyÞ ¼ H
n

ref �Hn

H
n

ref �Hn
d

½3�

Here, Href = H(y = yref, s0), is the measured mi-
crohardness at some arbitrarily defined reference posi-
tion, y = yref; H = H(y, s0) is the position-dependent
microhardness; Hd = H(y = dm, s0) is the microhard-
ness at the nominal location, y = dm, where the mi-
crohardness profile ceases to exhibit significant spatial
variation; s0 is again the total time during which the
casting remains in contact with the mold, i.e., the total
in-mold cast cooling time; and n = 1/m is the reciprocal
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of the exponent m in Eq. [1]. Based on the measurements
reported in Eq. [3], we choose yref = 100 lm and
dm = 700 lm. In addition, we note that so is not
reported and is thus unknown.

In order to compare the model developed previously
with the data in Figure 1, we use the empirical relation
[1] in Eq. [3] and obtain

wðtheoryÞðyÞ ¼ erfc ðvrefÞ � erfc ðvÞ
erfc ðvrefÞ � erfc ðvdÞ

½4�

where vref ¼ yref=2
ffiffiffiffiffiffiffiffiffiffi

Dss0
p

, v ¼ y=2
ffiffiffiffiffiffiffiffiffiffi

Dss0
p

, and
vd ¼ dm=2

ffiffiffiffiffiffiffiffiffiffi

Dss0
p

. Note, we do not impose the assump-
tion that the relative concentration at the nominal
edge of the mass-transfer boundary layer, y = dm, is
equal to 0.

An unknown parameter, Dss0, which is the product of
the diffusion coefficient, Ds, and the in-mold cooling
time, s0, appears in the theoretical expression for w in
Eq. [4]. In order to estimate Dss0, we assume that Ds

and s0 are both fixed for the sets of experiments
described in Eq. [3], and minimize the least-squares fit,

F ¼
PN

j¼1 ½w
ðexpÞ
j � wðtheoryÞj �

2
, between the theoretical

expression for w, given in Eq. [4], and the experimentally
derived expression for w in Eq. [3]. This yields the
estimate Dss0 = 2.16(10–8)m2; using this value in Eq. [4]
then yields the theoretical curve shown in Figure 1.
Note, if we make the reasonable assumption that
s0 = O(103 s), then Ds = O(10–11 m2/s), which is on
the order of the diffusion coefficient at the transition
temperature (T = 1155 K) between a and b titanium.
In summary, scaling analyses have been used to

determine the thermal and mass transport processes
underlying formation of the alpha case in small titanium
castings. Based on this analysis, a simple theoretical
model has been developed and used to analyze a typical
set of experimental near-surface microhardness mea-
surements.[3]
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Fig. 1—Comparison of theoretical and experimentally observed sub-
surface microhardness profiles.
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