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Direct contact packed bed thermal gradient attenuators:
Theoretical analysis and experimental observations

Kevin M. Lawton, Steven R. Patterson,a) and Russell G. Keanini
Center for Precision Metrology, Department of Mechanical Engineering and Engineering Science,
University of North Carolina at Charlotte, Charlotte, North Carolina 28223

~Received 2 January 2003; accepted 26 January 2003!

This article theoretically and experimentally characterizes direct contact, packed bed thermal
gradient attenuators in which a fluid control stream, subject to broadband thermal disturbances,
flows through a thermally attenuating packed bed medium. The theoretical model decomposes the
device into three subsystems: an upper mixing volume, the packed bed, and a lower mixing volume.
Analysis of the packed bed subsystem leads to a coupled system of equations that describe local heat
transfer within the control stream and within individual spherical elements comprising the packed
bed; the system of equations obtained has the same general form as that derived in an earlier
investigation of tube-in-shell, noncontact thermal gradient attenuators@J. Heat Transfer123, 796
~2001!#. Associated subsystem transfer functions are derived, and in analogy with observations
reported in the earlier investigation, are shown to provide simple, unambiguous criteria for
designing and optimizing packed bed attenuators. It is found that, for 52 different sets of
experimental conditions, theoretical performance of the device matches experimental performance
to within 2.5 dB root mean square, and that the device provides several orders of magnitude
attenuation for flow rates on the order of 1 l/min and disturbance frequencies higher than
approximately 10 mHz. The results of the present study and the earlier investigation together
provide a useful basis for analyzing and designing large and small, contacting and noncontacting,
thermal gradient attenuators. ©2003 American Institute of Physics.@DOI: 10.1063/1.1564279#
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I. INTRODUCTION

Thermal gradient attenuators comprise a key elemen
precision temperature control systems,1–3 and are designed to
attenuate thermal spectral components in fluid con
streams that exceed a nominally defined minimum freque
f min . Temperature oscillations slower thanf min pass through
for compensation by low-bandwidth heater controllers.2 The
devices use available chilled water supplies to provide hi
stability chilled water sources for subsequent system ther
control.

Recent work1 has focused on theoretically and expe
mentally characterizing large tube-in-shell attenuators
which the chilled water control stream passed through a b
of plastic tubes immersed in a large, stagnant volume
water, where the latter served as the attenuating medium
closed-form, lumped-differential heat transfer model of t
system was shown to accurately predict system performa
over more than two decades of disturbance frequency
over a wide range of control stream flow rates. More imp
tantly, the model developed in Ref. 1 led to simple des
criteria that could be used to design tube-in-shell attenua
as well as tune and optimize existing devices.

Techniques for obtaining precision temperature con
near room temperature fall into one of three broad clas
methods that employ resistive heaters to maintain a sm
enclosure near ambient,3–10 methods that use a stagnant flu

a!Author to whom correspondence should be addressed; electronic
spatters@uncc.edu
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to heat or cool an enclosure,11–14and techniques that rely o
a recirculating fluid stream to maintain control of th
temperature.1,15–18See Ref. 1 for a brief overview. Surpris
ingly, little theoretical work has been carried out to supp
the design and development of precision temperature con
devices.1,19,20 Although formulation of accurate, predictiv
thermal and system models can be difficult,5,19 and has led to
development of various anecdotal criteria for designing th
mal control devices, the potential advantages of formulat
such models are significant:~i! existing devices can be tune
to meet specific performance requirements,~ii ! potential de-
signs can be tested theoretically prior to construction,~iii !
methods for improving device performance can be una
biguously determined and implemented, and~iv! system be-
havior can be interpreted and modified or controlled
needed.

The objective of the present study is to theoretically a
experimentally characterize direct contact, packed bed
tenuators. In the device to be studied, a control stream pa
through a spatially compact, attenuating packed bed of st
less steel spheres. As in the earlier investigation,1 which fo-
cused on large, noncontact tube-in-shell attenuators, the
ical heat transfer and system models lead to unambigu
and readily implemented criteria for designing packed b
attenuators. Together, the results of the present and prev1

investigations should provide a useful basis for design
and analyzing large and small, contacting and noncontac
thermal gradient attenuators.
il:
6 © 2003 American Institute of Physics
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II. GENERIC DESIGN REQUIREMENTS AND
DESCRIPTION OF THE DEVICE

Two generic design requirements were defined at
outset. First, since the tube-in-shell device developed in R
1 was relatively large~200 l total volume! and of complex
construction, it was desired to enhance its portability by
ducing the device volume, and to improve its utility by sim
plifying construction. Second, to allow ready modification
the performance characteristics of the device, modular
signs were examined in which the heat capacity of the
tenuating medium,Ca , and the effective total thermal resis
tance of the device,R, could be easily altered. In definin
this second requirement, guidance was provided by the
oretical design criteria derived in the first study1 which
showed that for a fixed flow rate through atube-in-shellat-
tenuator~i! asymptotic attenuation, i.e., the maximum atta
able attenuation, was inversely proportional to the ove
thermal resistance,R, between the control stream and atten
ating medium, and~ii ! for an R value that meets a desire
asymptotic attenuation requirement, the minimum input d
turbance frequency,f min , asymptotically attenuated shifte
toward lower magnitudes with an increase in attenuating
dium heat capacity,Ca .

Thus, in order to achieve maximal asymptotic atten
tion within a spatially compact design or, more specifica
in order to reduce thermal resistance between the con
stream and attenuating medium, a direct contact appro
was chosen in which the control stream flowed throug
fixed, packed bed of attenuating media. This approach i
marked contrast to that used in Ref. 1 where a large atte
ator time constant was required in order to attenuate s
mHz disturbance frequencies. As detailed in that paper,
as discussed below, the attenuator time constant,ta , given
by ta5RCa , can be tuned by varyingR and/orCa . Thus, as
a means of obtaining largeta in Ref. 1,R was maximized by
passing the control stream through a bank of low conduc
ity plastic tubes immersed in a stagnant attenuating med
~water!, while Ca was maximized by employing a large vo
ume of the high specific heat attenuating medium.

Here, having chosen a direct contact approach for m
mizing R, methods were explored for maximizing the ran
of disturbance frequencies subject to asymptotic attenua
i.e., methods were sought for maximizingta . In order to
satisfy generic design requirements of compactness and
ability, a relatively low-cost, easily handled solid attenuati
material having high density and high specific heat w
sought; stainless steel spheres met these requirements
With regard to tunability, it will be shown below that th
overall thermal resistanceR is inversely proportional to the
number of spheres,N, within the column, and in addition
depends on the radius,r s , and thermal conductivity,ka , of
the spheres. Similarly, the attenuating medium total heat
pacity,Ca , will be shown to depend onN, the overall radius
of the bed,r 0 , and the specific heat and density of the
tenuating medium,ca andra , respectively. Thus, given th
number of parameters that can be adjusted to effect cha
in R andCa , a packed bed design meets tunability requi
ments well.
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The final design is depicted schematically in Fig. 1.
shown, the device consists of a cylindrical packed bed
stainless steel spheres, an upper distribution volume, a
lower collector. The upper distribution volume, designed
mix and spread the incoming control stream uniformly ov
the top of the packed bed, contains, in succession, a cour
perforated plastic plate, a finely perforated plastic plate,
a fine mesh screen. Holes in the course plate are 3 mm
diameter~25 mm center-to-center spacing!, while those in
the fine plate are 1.5 mm in diameter~12.5 mm center-to-
center spacing!; the wire mesh is plastic window screen. Th
two plates and screen are each spaced 25 mm apart. A sim
arrangement is used in the lower collector volume. A cyl
drical plastic~PVC! canister, either 100 or 150 mm in diam
eter, comprises the housing for the upper distribution v
ume, the packed bed media, and the lower collector volu

III. PACKED BED ATTENUATOR THERMAL MODEL

For modeling purposes, the device will be decompos
into three subsystems: the packed bed, the upper distribu
volume, and the lower collector. Here in Sec. III, the coup
system of equations that describe heat transfer within
stream and the individual spheres comprising the packed
is derived. Although the modes of heat transfer and fl
extant in the packed bed device differ radically from those
the tube-in-shell device studied in Ref. 1, it will neverthele
develop that both systems are governed by systems of e
tions having the same generic form. Given this result, d
vation of the associated packed bed transfer function~given
in detail in Sec. IV! follows immediately from the earlier
work.

A. Qualitative flow and heat transfer features

In the derivation to follow~Sec. III B!, heat transfer be-
tween the fluid and attenuating spheres occupying a horiz
tal cross section of thickness,Dz, will be considered. In
order to provide a conceptual framework for the analys

FIG. 1. Packed bed thermal gradient attenuator configuration.
P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp
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here in Sec. III A we will first describe the important tim
scales that characterize heat transfer within the slice. Su
quently, a simple physical picture of in-bed heat transfer w
be described.

Three distinct time scales characterize in-bed heat tra
fer: ~i! The convective time scale,tc5r s /ws , characterizes
two processes: the time required for infinitesimal fluid e
ments to mix and thus smooth local fluid temperature gra
ents, and the time required for fluid to pass over any giv
sphere. Here,ws , the characteristic fluid velocity scal
within the bed, is taken to be the superficial velocity,wsup

5ṁ/(r fpr 0
2), i.e., the fluid velocity extant in the absence

packing material, whereṁ is the control stream mass flow
rate andr f is the fluid density.~ii ! The thermal diffusion time
scale,tD5r s

2/aa , characterizes the time required for vari
tions in temperature to smooth within individual spheres a
it is an order of magnitude longer thantc . @In particular, for
the range of experimental conditions considered here,ws and
r s are on the order 131022 m s21 and 331023 m, respec-
tively, while aa'431026 m2 s21; thus, tc'0.1 s andtD

'2 s.] ~iii ! The disturbance time scale,t i5 f i
21, is, at least

in the present investigation, the longest and is determined
the highest~significant! frequency in the spectrum of th
untreated stream. As shown in Ref. 1, the spectrum of
unattenuated flow~obtained from an in-house chilled wate
source! is dominated by spectral features at frequencies
than 0.1 Hz;1 f i is thus taken as 0.1 Hz.

Given the above separation in time scales, and given
the control stream is well mixed within the upper distributi
volume prior to being uniformly distributed over the top
the bed, the following physical picture emerges.~1! On time
scales longer thantc , but shorter than, or on the order o
tD , fluid temperatures within any given horizontal slice a
spatially uniform in both the radial direction and across
slice thickness,Dz. ~2! Due to both the relatively slow varia
tions in temperature at the device inlet~occurring on time
scales on the order off i

21), and the short convective tim
scale,tc , all spheres within the slice are bathed in the sa
spatially uniform, though slowly time-varying fluid temper
ture field. The derivation to follow is based on these sim
physical considerations.

B. Packed bed heat transfer model

Consider steady downward flow of an incompressi
control fluid through the packed bed shown in Fig. 1. A
energy balance on the fluid within a thin horizontal cro
section of thicknessDz leads to

r fcf

]

]t EDV
TfdV5r fcfE

A
wTfdAuz

2r fcfE
A
wTfdAuz1Dz

1(
j 51

n F E
As

hj~Tw
j 2Tf !dAG , ~1!

where terms from left to right represent, respectively, the r
of change of fluid enthalpy within the slice, the total flux
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enthalpy into the slice atz, the total flux of enthalpy out a
z1Dz, and the total rate of convective heat transfer betwe
the fluid and spheres within the slice. Here,r f andcf are the
fluid density and specific heat, respectively,DV5pr 0

2Dz is
the slice volume,A5pr 0

2 is the cross-sectional area of th
bed, r 0 is the radius of the packed bed,As54pr s

2 is the
surface area of any given sphere,n is the number of sphere
within the slice,hj and Tw

j are the local convective hea
transfer coefficient and surface temperature of thejth sphere
within the slice, respectively, andTf is the local fluid
temperature.

Based on the physical considerations in Sec. III A, rad
variations in temperature within the slice are neglected.
Taylor expansion of the outflow flux term in Eq.~1! aboutz
and noting that Tf5Tf(z,t)5T̄f(z,t), where T̄f

5A21*ATfdA is the area averaged~or radially lumped! fluid
temperature, the net flux of enthalpy through the slice is th
given by

r fcfDz
]

]z EA
wTdA5r fcfDz

]

]z
w̄T̄fA, ~2!

where w̄ is the area averaged vertical velocity compone
Note that A, the area available for flow, is related to th
packed bed cross-sectional area viaA5eA0 , wheree is the
void fraction.

Considering next the net heat transfer rate between
fluid and the attenuating spheres within the slice, it is no
that variations in inlet temperature are small, on the orde
1 K or less. Thus,hj is assumed constant both within th
slice and throughout the entire packed bed. Likewise, si
spatial in-fluid temperature variations within the slice a
small, it is assumed that the surface temperature,Tw

j , is spa-
tially uniform over each sphere in the slice and, additiona
that the instantaneous magnitude ofTw

j is the same for every
sphere in the slice. Thus,Tw

j 5T̄w(z,t), where T̄w(z,t)
5(nAs)

21*As
Tw

j dA. Using Tf5T̄f5T̄f(z,t), the total heat
transfer rate between the spheres and fluid within the s
assumes the form of

(
j 51

n F E
As

hj~Tw
j 2Tf !dAG5nhAs@ T̄w~z,t !2T̄f~z,t !#,

~3!

whereh is the ~constant! heat transfer coefficient.
Noting that the number of spheres within the slice

given byn5NDz/L, whereL is the bed length, and that

r fcf

]

]t EDV
Tf5r fcfDzeA0

]

]t
~ T̄f !,

it is found, using Eqs.~2! and~3! in Eq. ~1!, that the radially
lumped energy balance across the slice assumes the for

r fcfeA0DzS ]

]t
~ T̄f !1w̄

]

]z
T̄f D

52N4pr s
2h@ T̄f~z,t !2T̄w~z,t !#

Dz

L
. ~4!
P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp
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Notice thatw̄ is assumed to be independent ofz; this follows
from mass conservation of the control stream and from
assumption that the fluid completely fills all voids within th
bed.

In deriving Eq. ~4!, it is implicitly assumed that the
thickness of the slice,Dz, is on the order of the sphere ra
dius, r s , i.e., axial temperature variations within the bed a
assumed to occur on length scales larger thanr s . Again,
since the convective time scale,tc , for fluid flow over any
given sphere is short relative to the incoming disturba
(t i) and in-sphere thermal diffusion (tD) time scales, then
on the latter time scale, every sphere within a slice hav
thicknessDz5O(r s) is exposed to a spatially uniform, a
though slowly time-varying, fluid temperature. Thus, on t
thermal diffusion time scale of the spheres, axial fluid te
perature gradients over distances on the order ofr s are
negligible.

Having determined the radially lumped equation th
governs heat transfer within the fluid in a given horizon
slice, heat transfer within individual spheres within the sl
is now considered. Since the surface temperature of e
sphere within the slice is spatially uniform, although tim
varying, the temperature within the sphere depends only
time and radial positionr within the sphere. The equatio
that governs conduction within the sphere is thus given b

]Ta

]t
5aa

1

r 2

]2Ta

]r 2 ,

whereaa is the thermal diffusivity of the sphere, and su
script a refers to the properties of the attenuating sphe
Multiplying both sides byNDz/L4pr 2 and integrating over
the sphere volume yields

4

3
npr s

3raca

]T̄a

]t
5Nka4pr s

2 ]T̄a

]r
U

r s

Dz

L
, ~5!

where T̄a is the volume averaged temperature within ea
sphere. Now note that the right-hand side of Eq.~5! is iden-
tically equal to the right-hand side of Eq.~4!, i.e., the total
instantaneous rate of convective heat transfer to or from
spheres within the slice@given by the right-hand side of Eq
~4!# must equal the total rate of conductive heat transfer i
or out of the spheres within the slice@as given by the right-
hand side of Eq.~5!#.

Defining the right-hand sides of Eqs.~4! and ~5! as
Q(z,t), and using the network analogy,21 Q can be expresse
as

Q~z,t !5
Tw2Tc

Rcond
S Dz

L D5
T̄f2Tw

Rconv
S Dz

L D , ~6!

where

Rcond5
1

4pkaN
~r c

212r s
21! ~7!

is the total conductive thermal resistance associated with
spheres in the packed bed and

Rconv5
1

4pr s
2Nh

~8!
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is the total convective thermal resistance between the fl
and spheres within the bed. The expression forRcond is ob-
tained using the spherical shell model22 in which thesteady
conduction equation within any given sphere is integra
from a radiusr c , enclosing half the volume of the sphere,
r s ; here, the temperature atr c is denoted asTc . Since in-
coming temperature variations~at the device inlet! are rela-
tively small ~with magnitudes on the order of 1% of th
mean!, variations in temperature within each sphere are li
wise small; thus, the effective conductive resistance can
accurately derived via this approach.1

In order to determine the convective resistance,Rconv, h
is estimated using the following correlation, valid for co
vective heat transfer in packed beds:21

h50.455e21ReD
20.4Pr22/3cfr fwsup, ~9!

wherePr is the fluid Prandtl number, ReD5rfwsupDp /m f is
the Reynolds number,Dp is the effective diameter, andm f is
the fluid viscosity. The correlation was developed using
lindrically shaped bedding elements; introduction of the
fective diameter, defined asDp5As

1/2p21/2, allows applica-
tion of the correlation to packed beds containi
noncylindrical elements.21 The relationship is valid for
0.371<e<0.451 and 10<ReD<200 where, in the presen
study,e and ReD are approximately 0.38 and 50, respective

Next, and as a convenience in interpreting system
namics, fluid and attenuator time constants are defined
t f5RCf and ta5RCa , respectively, whereR5Rconv

1Rcond is the total thermal resistance between the fluid a
spheres,Cf5eA0Lr fcf is the total thermal capacity of th

fluid within the bed, andCa5N 4
3pr s

3raca is the total thermal
capacity of the packed bed attenuating medium. Using
~6! and the above definitions, Eqs.~4! and ~5! can then be
expressed as

]T̄f

]t
1w̄

]T̄f

]z
5

1

t f
~ T̄a2T̄f ! ~10!

and

]T̄a

]t
5

1

ta
~ T̄f2T̄a!, ~11!

respectively, where the common factorDz has been divided
out of Eq.~4! and whereTc in Eq. ~6! has been approximate
as the volume averaged temperature within a given sph
Tc(z,t)'T̄a(z,t). @Again, due to the smallness of the vari
tions in incoming temperature, this is a reasonable appr
mation.#

IV. SUBSYSTEM TRANSFER FUNCTIONS

A. Packed bed transfer function

The lumped system of equations that describes coup
heat transfer between the control stream and the attenua
packed bed medium, Eqs.~10! and~11!, is identical in form
to that derived for noncontact tube-in-shell thermal gradi
attenuators.1 Thus, following the development in Ref. 1, th
following dimensionless space and time variables,

h5z/~w̄ta! and t5t/ta ,
P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp
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dimensionless heat capacity ratio,

z5ta /t f5Ca /Cf ,

and dimensionless radially averaged temperatures,

u f5T̄f /T0 and ua5T̄a /T0 ,

may be substituted into Eqs.~10! and ~11! to obtain

]u f

]t
1

]u f

]h
5z~ua2u f ! ~12!

and

]ua

]t
5~u f2ua!, ~13!

whereT0 is a convenient characteristic temperature, e.g.,
mean temperature at the inlet to the device. Taking
Laplace transforms of Eqs.~12! and~13!, with initial condi-
tions equal to zero, then yields

sû f1
]û f

]h
5z~ ûa2 û f ! ~14!

and

sûa5~ û f2 ûa!, ~15!

wheres52ip f ta , andf is the frequency in Hz. Eliminating
ûa from this system then leads to

]û f

]h
1

s

s11
~s1z11!û f50. ~16!

Finally, solving Eq.~16! for û f yields the transfer function
for the packed bed portion of the attenuator:

Tra~s!5
û f~h5hL ,s!

û f~h50,s!

5expF 2s

s11
~s1z11!hLG

5expF2szhL

s11 Gexp@2shL#, ~17!

where the effect of transport delay, exp(2shL), is separated
out. Since only the real part of the exponent affects the m
nitude of the transfer function, the packed bed transfer fu
tion magnitude,Trma(s), can be expressed in the form of

Trma~s!5expF2zhL ReS s

s11D G . ~18!

B. Theoretical design criteria: Packed bed subsystem

Equation~18! is an important result since it encapsulat
theoretical criteria for designing the packed bed portion
the attenuator. In particular, two design parameters,
asymptotic attenuation and the range of input disturba
frequencies subject to asymptotic attenuation, comprise
primary design features to be considered in designing
packed bed subsystem. Considering first asymptotic atte
tion, by letting f→` ~or, equivalently, by lettings→`) in
Eq. ~18!, it is found that this parameter is proportional
Downloaded 17 Aug 2007 to 152.15.180.24. Redistribution subject to AI
e
e

g-
c-

f
e
e

he
e
a-

exp(2zhL)5exp@2(Ca /Cf)hL#. Thus, for a given dimension
less bed length,hL , the heat capacity ratio,z, determines the
magnitude of asymptotic attenuation. Alternatively, by e
pressinghLz in terms of dimensional variables,

hLz5
1

ṁcfR
, ~19!

it is seen that for a given mass flow rate,ṁ, and specific
heat, cf , the asymptotic attenuation is determined by t
total thermal resistance,R, between the control stream an
the attenuating packed bed medium.

Considering the range of frequencies asymptotically
tenuated within the packed bed, by expressing~18! in terms
of dimensional variables,

Trma~ f !5expF2
1

ṁcfR
ReS 2ip f ta

2ip f ta11D G , ~20!

it is seen that this range increases asta increases. More
specifically, by computing the real part of the second term
the exponent above, it is readily shown that for all freque
cies satisfyingf *ta

21, the exponent is within 2.5% of its
asymptotic limit. Thus, the minimum disturbance frequen
f min , subject to asymptotic attenuation within the packed b
portion of the device can be conveniently approximated

f min'ta
21.

It is important to note that in the present device, due
the relatively large volumes of the upper distribution volum
and lower collector, attenuation within these subsystem
comparable to, and over low frequencies (f &0.015 Hz),
larger than, that obtained over the packed bed. This featu
illustrated in Fig. 2 which plots the logarithm of the transf
functions~in dB! for the packed bed and the combined upp
and lower volumes~under typical experimental conditions!.
@In the following, the logarithm of any given transfer func
tion will be generically referred to as ‘‘attenuation.’’# While
total system attenuation is the additive sum of the attenua
obtained over each subsystem, in cases where the uppe

FIG. 2. Theoretical transfer function for packed bed subsystem~labeled
attenuator transfer function! compared with combined theoretical transf
functions of upper distribution volume and lower collector~labeled as mix-
ing transfer function!, assuming a 100 mm diam tube, 3.8 l/min flow rat
and 10 000 6.4 mm spheres.
P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp
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lower volumes are small compared to the packed bed
ume, then similar to the observations reported in Ref. 1, s
tem behavior and design can be adequately described u
the packed bed transfer function alone, Eq.~20!.

C. Upper distribution volume and lower collector
transfer functions

Since additional attenuation occurs within the upper d
tribution and lower collector volumes, corresponding trans
functions must be determined in order to model total sys
performance. The control stream enters the upper volum
a single jet~7 mm in diameter! and then flows over and
through the perforated distribution plates. Likewise, flow
the lower volume passes over additional distribution pla
before exiting. Thus, both volumes are modeled as perfe
mixed,1 leading to the following subsystem transfer functi
for each:1

Trm~ f !5
1

11tm2ip f
, ~21!

wheretm5r fVm /ṁ is the characteristic residence time f
either volume, andVm is the corresponding volume. Give
the subsystem transfer functions in Eqs.~17! and ~21!, the
total system transfer function is finally given by

TrT~ f !5Trupper~ f !Trp~ f !Tr lower~ f !. ~22!

V. EXPERIMENTS AND RESULTS

Experiments were performed in order to determine
perimental transfer functions as functions of the flow ra
bed diameter, bed length, sphere diameter, and numbe
spheres within the packed bed. As depicted in Fig. 3, si
soidal temperature oscillations were imposed on the con
stream upstream of the attenuator using a plate heat
changer and an on–off flow controller. The on–off flow co
troller modulated the flow rate of a chilled water stream t
passed through the primary side of the heat exchanger;
in turn produced oscillations in temperature in the cont
stream passing through the secondary side. Control str
input and output temperatures at the attenuator were m
sured with thermistors connected to a digital multime

FIG. 3. Thermal gradient attenuator test setup with an on–off chilled w
flow controller generating sinusoidal temperature oscillations in the
stream, measured by thermistors connected to a digital multimeter.
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~DMM !, with thermistor resistances read from the DMM v
a general purpose interface bus~GPIB! interface and con-
verted to temperatures using the manufacturer’s equat
and coefficients. Input and output temperatures were t
converted to frequency space via fast Fourier transforms a
in turn, were used to compute the transfer function at e
input frequency.

In the first set of experiments, experimental device tra
fer functions for a 150 mm diam, 120 mm long packed b
containing 10 000~N!, 6.4 mm ~D! diameter steel sphere
were measured at three different flow rates. The resu
along with theoretical device transfer functions, are given
Fig. 4. Considering qualitative features exhibited by the da
the most apparent is the decrease in spectral attenuation
an increase in flow rate. This can be explained using
packed bed and mixing volume subsystem transfer functi
given by Eqs.~20! and ~21!. Specifically, within the packed
bed subsystem, since the total thermal resistance,R, is
roughly proportional toṁ20.6 @see Eq.~9! and note that since
ReD is proportional toṁ, h is proportional toṁ0.6; in addi-
tion, note and that the conductive resistance,Rcond, is fixed#,
then hLz5(ṁcfR)21 is approximately proportional to
ṁ20.4. Thus, spectral attenuation within the packed bed
creases with an increase inṁ. Similarly, referring to Eq.
~21!, it is seen that sincetm is roughly proportional toṁ21,
spectral attenuation within the upper and lower volumes li
wise decreases with an increase inṁ. The largest disagree
ment between theoretical and measured results occurs fo
smallest flow rate, 1.9 l/min, where the root mean squ
~rms! deviation is 7 dB. The rms deviations for the 3.8 a
5.7 l/min flows through the bed are both approximately 2 d
Measurement uncertainty at low frequencies is negligi
small due to the large input and output amplitudes, wher
large measurement uncertainty occurs in the range of 60
where output signals are close to the instrumentation n
floor.1

In order to examine the capability of the model to pred
effects produced by changes in the number of spheres,N, the

r
st

FIG. 4. Measured and theoretical attenuator transfer functions vs the
quency, including envelopes of uncertainty for theoretical curves and ba
uncertainty at measured points, for the 150 mm diam tube containing 10
6.4 mm spheres, subject to flow rates of 1.9, 3.8, and 5.7 l/min an
variation in rms inlet temperature of 4.1 dB.
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same set of experiments as those described above wer
peated, withN reduced from 10 000 to 5000. The resul
presented in Fig. 5, show that the model is capable of ac
rately predicting transfer function sensitivity toN. In this
case, rms deviation between theory and experiment is
proximately 2 over all three experiments.

In order to examine the effects of bed length and b
diameter on attenuation, the first set of experiments
scribed above was repeated using a 270 mm long, 100
diam packed bed containing 10 000, 6.4 mm diam sphere
order to reduce measurement uncertainties, the magnitud
input temperature oscillations was increased from appr
mately 0.2 K~used in the experiments reported in Figs. 4 a
5! to approximately 2 K; this had the effect of lowering th
~effective! transfer function noise floor. As indicated in Fi
6, the rms deviations between theoretical and measured
tenuation are approximately 2.4, 0.4, and 1.3 dB for the 1
3.8, and 5.7 l/min flow rates, respectively. The same decre
in spectral attenuation with an increase in flow rate tha
observed in the first set of experiments is also seen h

FIG. 5. Measured and theoretical attenuator transfer functions vs the
quency, including envelopes of uncertainty for theoretical curves and ba
uncertainty at measured points, for the 150 mm diam tube containing 5
6.4 mm spheres, subject to flow rates of 1.9, 3.8, and 5.7 l/min an
variation in rms inlet temperature of 2.2 dB.

FIG. 6. Measured and theoretical attenuator transfer functions vs the
quency, including envelopes of uncertainty for theoretical curves and ba
uncertainty at measured points, for the 100 mm diam tube containing 10
6.4 mm spheres, subject to flow rates of 1.9, 3.8, and 5.7 l/min an
variation in rms inlet temperature of 1.5 dB.
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Improved agreement between measurements and theo
also apparent and likely reflects the use of larger input te
perature oscillations.

In the last set of experiments, the combined effects
sphere count and sphere diameter were examined, with
results shown in Fig. 7. The rms deviations between theo
ical and experimental transfer functions for three combi
tions of sphere diameter and count, (D,N)
5(4.8 mm, 20 000),~6.4 mm, 10 000!, and~7.9 mm, 5000!,
are 1.6, 0.4, and 0.6 dB, respectively. The average rms
viation for these three sets of data is 0.87 dB, thus indica
that over a range of four orders of magnitude, the theoret
model matches experimental results by better than a facto
1.1. Close examination of the plots reveals an apparent
crease in packed bed asymptotic attenuation for the th
respective combinations of (D,N):(4.8 mm, 20 000),~6.4
mm, 10 000!, and~7.9 mm, 5000!. This trend is indicated by
the increased flattening in each of the curves at frequen
greater than approximately 0.08 Hz. This can be explaine
follows. Sinceh is approximately proportional toD20.4 @re-
fer to Eq. ~9!#, then Rconv}'N21D22.4. In addition, since
Rcond}'(ND)21, then R5Rcond1Rconv}'N21(D21

e-
of
00
a

e-
of
00
a

FIG. 7. Measured and theoretical attenuator transfer functions vs the
quency for the 100 mm diam tube containing 20 000 4.8, 10 000 6.4,
5000 7.9 mm spheres, subject to a 3.8 l/min flow rate and a variation in
inlet temperature of 1.0 dB.

FIG. 8. Packed bed attenuator input and output temperatures for the
mm diam tube containing 10 000 6.4 mm spheres, subject to a 3.8 l/min
rate and variations in input temperature of approximately 150 mK.
P license or copyright, see http://rsi.aip.org/rsi/copyright.jsp



is

ta
t-
t

nu
d

we

.
he
u

ut
ra
ve
lle

c
er
ke
io
e
ee
p
ly
b

ce

u
te
ria

b
an

r-
-

ual

2893Rev. Sci. Instrum., Vol. 74, No. 5, May 2003 Packed bed thermal gradient attenuators
1D22.4)'(ND)21. Thus, since asymptotic attenuation
inversely proportional toR @see Eq.~19!#, then asymptotic
attenuation goes asND, consistent with the plots and da
shown.@Although not shown, it is found that asymptotic a
tenuation within the packed bed does indeed decrease in
manner. Note too that gradual leveling off of system atte
ation strictly reflects attenuation within the packed be
transfer function plots associated with the upper and lo
volumes are never concave upward. Refer to Fig. 2.# For
clarity, theoretical uncertainties are not included in Fig. 7

Figure 8 shows the performance of the packed bed t
mal attenuator in the time domain. The variations in inp
temperature have a period of approximately 4 s and a peak-
to-peak amplitude of 150 mK, whereas the variation in o
put temperature is only 0.6 mK. This represents the cha
teristic performance of the attenuator as would be obser
when the device is used to generate a high-stability chi
water supply for precise control of the temperature.

In summary, Figs. 4–7 depict theoretical transfer fun
tions for 12 combinations of flow and attenuator paramet
along with 52 measured values of the transfer function ta
in the frequency range of 0.01–0.1 Hz. The rms deviat
between theory and experiment over this frequency rang
approximately 2.5 dB. This degree of agreement betw
measured data and theoretical models is consistent with
vious results1 and thus extends application of the previous
developed modeling approach to direct contact packed
attenuators.

APPENDIX: TREATMENT OF UNCERTAINTY

The theoretical envelopes that represent model un
tainty are calculated via Eq.~22! using measured mean flow
rates along with associated estimated uncertainties. Meas
ment uncertainty is estimated by first expressing the sys
transfer function as the ratio of the amplitudes of the va
tions in output and input temperature,

Tr~ f !5
Tout~ f !

Tin~ f !
. ~A1!

The uncertainty in the transfer function is then estimated
assuming that individual uncertainties are independent
normally distributed, so that
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sTr5F S ]Tr

]Tout
D 2

sTout

2 1S ]Tr

]Tin
D 2

sTin

2 G1/2

, ~A2!

where

sTout

2 5sTout

2 ~ f !5~StsT!21@Tout~ f !ss#
2 ~A3!

and

sTin

2 5sTin

2 ~ f !5~StsT!21@Tin~ f !ss#
2, ~A4!

and sT(50.25V) is the thermistor measurement unce
tainty, St(51.7731023 K/V) is the nominal thermistor sen
sitivity, andss(5531024 K/K) is the uncertainty ofSt .
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