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6 It is well known that the dynamic performance of a rocket or launch vehicle is enhanced when the

7 length of the divergent section of its nozzle is reduced or the nozzle exit area ratio is increased.

8 However, there exists a significant performance trade-off in such rocket nozzle designs due to the

9 presence of random side loads under overexpanded nozzle operating conditions. Flow separation
10 and the associated side-load phenomena have been extensively investigated over the past five
11 decades; however, not much has been reported on the effect of side loads on the attitude dynamics
12 of rocket or launch vehicle. This paper presents a quantitative investigation on the influence of
13 in-nozzle random side loads on the attitude dynamics of a launch vehicle. The attitude dynamics of
14 launch vehicle motion is captured using variable-mass control-volume formulation on a cylindrical
15 rigid sounding rocket model. A novel physics-based stochastic model of nozzle side-load force is
16 developed and embedded in the rigid-body model of rocket. The mathematical model,
17 computational scheme, and results corresponding to side loading scenario are subsequently
18 discussed. The results highlight the influence of in-nozzle random side loads on the roll, pitch, yaw,
19 and translational dynamics of a rigid-body rocket model. © 2010 American Institute of Physics.

20 [doi:10.1063/1.3457887]
21

22 |. INTRODUCTION

23 Given the economics of rocket launch and the need for
24 higher and more reliable dynamic performance, modern
25 rockets are typically designed to achieve high thrust to
26 weight ratios. This objective is often met using advanced
27 nozzle design modifications, including use of high nozzle
28 area ratios, reduced divergent section lengths, and optimized
29 nozzle contours (e.g., TOC, TOP, CTP, etc.h). Although such
30 nozzle designs theoretically predict higher vacuum perfor-
31 mance, there is a significant performance trade-off associated
32 with these rocket nozzles at sea-level operating conditions. It
33 has been frequently reportedl*3 that supersonic flow in such
34 nozzles tends to be overexpanded, which causes it to un-
35 steadily detach/reattach itself to the nozzle wall. This conse-
36 quently leads to generation of random nozzle side/lateral
37 loads,*” which are often perilous in nature as they could not
38 only catastrophically affect the vibroacoustic response of
39 rocket, but also affect the safety margins associated with the
40 transient or first-stage of its attitude. In large engines, side-
41 load magnitudes can be extremely large; for example, loads
42 on the order of 250 000 pounds were typically observed dur-
43 ing low altitude flight of the Apollo Program’s Saturn V
44 rockets.” Indeed, minimizing and designing to accommodate
45 potentially catastrophic side loading represents an essential,
46 long-standing design task within the rocket design commu-
47 nity.

48 Supersonic flow separation in a rocket nozzle and the
49 associated side-load phenomena have been extensively in-
50 vestigated both computationally and experimentally over the
51 past five decades. It is well-known"®’ that during overex-
52 panded supersonic nozzle flow conditions, i.e., when P,
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(nozzle exit pressure) <P, (altitude-dependent atmospheric 33

pressure), flow separation involving complex, three- 54
dimensional, and mostly unsteady shock wave boundary 55
layer interactions (i.e., SWBLIs) occurs to compensate for 56
the adverse pressure gradient in the flow direction. This con- 57
sequently generates large randomly fluctuating lateral forces 58
on the nozzle structure. Turbulent SWBLI remains an exten- 59
sively studied problem, both theoretically/computationally 60
and experimentally (refer to Chapman er al.,'Y Zukoski,"' 61
Dolling and Murphy,'? Sinha et al," Polivanov,' etc.), 62
where investigations where performed to study SWBLIs in 63
supersonic flows under the presence of geometrical nonlin- 64
earity or discontinuity (e.g., presence of a ramp, step, etc. in 65
flow field), capture unsteady interactions and its affect on 66
instantaneous pressure fluctuations, and predict/analyze 67
separation zone geometry for various flow and wall cooling 68
patterns. With regard to flow separation and side loads in 69
rocket nozzles, Ostlund et al.'* provide comprehensive re- 70
views of the state of the art, and emphasize the importance of 71
three distinct side-load generation mechanisms: (a) random 72
pressure variations due to free shock separation (FSS), (b) 73
shock transitions, i.e., FSS«sRSS (restricted shock separa- 74
tion, where the separated boundary layer reattaches itself 75
downstream of the separation point to form a recirculation 76
zone), and (c) aeroelasticity, which further amplifies the side 77
loads due to closed-loop fluid-structural vibroacoustic re- 78
sponse. Original work on these features has been reported, 79
e.g., by Onofri and Nasuti,15 Shimizu et al.,16 Frey and 80
Hagemann,”’18 Pekkari,19 and Schwane and Xia.”’ 81

Although work on rocket dynamics and control consti- 82
tute vast, long studied areas of research (see, e.g., Refs. 83
21-27), the important question of attitude/ascent dynamics 84
of rockets subject to in-nozzle side loads, surprisingly, re- 85
mains open. Likewise, vibration control and stability of 86
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87 Jaunch vehicles subject to side loading remains poorly
88 served. It is clear that the development of such control-
89 oriented rocket dynamics models entails an embedding of a
90 fairly accurate description of side-load generation phenom-
91 enon, which is a challenging task given the dependence of
92 side loads on a variety of inter-dependent interactions such
93 as internal and external flow patterns, nozzle geometry, am-
94 bient conditions, fluid-structure interaction, etc. Although de-
95 tailed CFD modeling applroaches](”20 have been investigated
96 to yield reasonably accurate predictions of separation point,
97 wall pressure distribution, and nozzle side loads, such mod-
98 els, being computationally intensive, render the synthesis of
99 fast and reliable controllers difficult. Thus, significant re-
100 search opportunities exist for development of accurate finite-
101 dimensional system-level models suitable for studying the
102 effects of random side loads on rocket attitude dynamics, as
103 well as investigation of the influence of side loads on the
104 stability and elastic and rigid-body response of rockets as
105 they move along their launch trajectory.

106 The present study has two objectives. First, a simple, yet
107 realistic model of rocket dynamics is sought which takes into
108 account the effects of stochastic, altitude-dependent, in-
109 nozzle side loads. The model will be used to study the influ-
110 ence of these loads on rocket center-of-mass dynamics, sta-
111 bility, and flight trajectory. Given the simplicity of the model,
112 it is anticipated that it could provide a basis for development
113 of, e.g., robust trajectory control strategies and/or structural
114 vibration suppression techniques, particularly during low al-
115 titude flight when side loading can be significant.

116 The second objective of this work centers on develop-
117 ment of a simple, physically realistic model of random side-
118 load generation (especially under FSS regime) and evolution
119 during over-expanded low altitude flight. It is clear that
120 knowledge of reasonably accurate separation location and
121 separation criteria will facilitate the development of these
122 physics-based side-load prediction models. A number of
123 criteria'****’ have been proposed in past for predicting the
124 nominal FSS point. The side-load prediction model presented
125 in this work is an extended modification of Keanini and
126 Brown,” where simple, yet physics-based, scale analyses of
127 transverse momentum transport across the separating bound-
128 ary layer have been used to derive separation criteria for
129 time-average turbulent SWBL pressure fluctuations in over-
130 expanded nozzles operating under FSS regime. The proposed
131 model focuses on the random shape and motion of the in-
132 stantaneous in-nozzle boundary layer separation line, and in
133 contrast to existing statistically-based models, requires rela-
134 tively little experimental or numerical data on the separation-
135 zone wall pressure distribution.

136 In brief overview, the paper first presents the rocket dy-
137 namics model. The proposed model uses a control volume
138 approach, accounts for six degrees of coupled rigid body
139 translational and rotational motion, incorporates a simple,
140 altitude-dependent model of external aerodynamic loading,
141 and accounts for in-nozzle side loads. The model for random,
142 altitude-dependent side loads is then described. Here, a scal-
143 ing argument is presented indicating that random, spatially
144 varying nozzle-wall pressure distributions immediately up-
145 and down-stream of the instantaneous, azimuthally-varying
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boundary layer separation line are small relative to the com- 148
paratively large, altitude-dependent, mean downstream pres- 147
sure. This result in turn allows straightforward calculation of 148
the instantaneous side load, given an instantaneous realiza- 149
tion of the random separation line shape. It is shown that the 150
model provides straightforward, analytical explanations for 151
several well known side-load statistical properties. 152

The rocket dynamics model is then used to study the 153
stochastic response of sounding-rocket-scale launch vehicles 154
subject to low altitude random side loads. Although side 155
loads appear only during the earliest portion of flight, their 156
influence on subsequent evolution of pitch, yaw, and lateral 157
displacement is significant; individual realizations of random 158
rocket motion are thus described, as well as ensemble aver- 159
aged translational and rotational rocket dynamics. Finally, 160
the paper closes with suggestions for future work. 161

Il. ATTITUDE DYNAMICS MODEL OF A RIGID ROCKET 162

163
164
165
166

Since the primary objective of this research is to study
the influence of nozzle side loads on rocket launch dynamics,
a canonical rigid-body rocket model is considered, where the
variable-mass and flow dynamics are captured in a compre-
hensive manner using control volume formulation. Figure 1 167
illustrates the geometrical description of rocket model along 168
with the forces acting on it. The rocket is subjected to a 169
deterministic, time-dependent aerodynamic load, a time- 170
varying deterministic thrust load, and a stochastic in-nozzle 171

side load. The following assumptions are made during the 172
course of model development. 173
* Rocket body is axisymmetric at all times. 174

175
176
177
178
179
180
181

e The internal flow of burnt products is axisymmetric
and steady.

* The instantaneous mass center lies on the longitudinal
axis (i.e., the axis of symmetry) at all times and does
not undergo significant variation from its initial con-
figuration.

e The line of action of aerodynamic load is along the
longitudinal axis of symmetry, i.e., ignore the effects 182
of variable angle of attack (since the primary focus is 183
to investigate the effects of nozzle side loads on rocket 184

dynamics). 185
* Neglect the effects of stochastic wind loads on rocket 186
dynamics. 187
e The exhaust gas flow is axisymmetric, uniform, and 188
steady. 189
Using Reynolds transport theorem and Newton—Euler’s mo- 190
mentum equation for a control volume accelerating in a non- 191
inertial frame of reference, one gets 192
- > J R P
Fg+Fg=—1| 0pdV+ Up(T . dA)
at)cy cs 193
+f [d,+2(&X0)+ > X F+ & X (& X 7P)]dM.
M
(1) 194

Here, F s and F  denote all the surface and body forces acting 195
on the control volume of the rocket. p, v, and 7, respectively, 196
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197 denote the instantaneous density, velocity, and position fields
198 (relative to the control volume) for the flow of combustion
199 products. 7 specifically denotes the distance of an infinitesi-
200 mal fluid particle from the instantaneous center of mass O,
201 whereas, @ denotes the instantaneous angular velocity of the
202 body-fixed coordinate axes attached to the rocket at its center
203 of mass O. d, denotes the acceleration of the center of mass
204 O of the rocket with respect to an inertial frame of reference
205 (i.e., XYZ in Fig. 1). Given O as the instantaneous center of
206 mass of rocket (i.e., [,,7dM=0) where the body-fixed refer-
207 ence frame is attached and the assumption of steady internal
208 flow of burnt products [i.e., d(*)/dr=0], Eq. (1) could be
209 further simplified as

ﬁ5+ﬁ3-f 5p(5.df§)-f 2(@ X 0)dM = Md,. (2)
210 CS M

211 The surface and body forces acting on the rocket can be
212 readily expressed as

213 Fy=Fy+(p,— p)Ad + Fyj + F ok,

214 Fyz=-Mgl. (3)
215 Here (i ,j ,12) represent the unit vectors of the inertial coor-
216 dinate axes "XYZ,” while (i .j k) represent unit vectors of
217 the body-fixed coordinate axes “xyz” with origin at O (the
218 rocket’s instantaneous center of mass), as depicted in Fig. 1.
219 Also, p, is the gas pressure at nozzle exit plane and p,, is the
220 ambient pressure. Recognizing the need to emphasize the
221 dynamic influence of in-nozzle stochastic side loads F, and
222 F, we seek a simple though qualitatively reasonable model

223 of the instantaneous aerodynamic load (}7“ W) as

I::'A == %CDpa(xi + y¢27 + Z'¢2;)ARI?- 4) 224
Thus, the aerodynamic load on the rocket is primarily ap- 225
proximated as a drag force with its line of action coinciding 226
with the longitudinal axis of symmetry (or the x-axis of the 227
body-fixed coordinate frame). Although precise or detailed 228
effects of the angle of attack are not captured by the above- 229
mentioned aerodynamic load model, the Mach number- 230
dependent drag-coefficient C, [refer to Fig. 2 (Ref. 30)] and 231
the instantaneous changes in the center of mass velocity may 232

serve as useful indicators for analyzing the effects corre- 233
sponding to variable angle of attack. 234
Using the mass conservation principle, it is easy to ob- 235
tain the rate at which mass is being depleted from the rocket 236
control volume 237
M__ [ @.ad). (5)
dt cs 238

Since the rocket loses mass only through the nozzle exit area 239

(A,), Eq. (5) could be written as 240
aM o
d_:_,f p(U.dA). (6)
! A, 241

Using the assumption of steady axisymmetric exhaust flow 242

and the axisymmetry of rocket nozzle, Eq. (6) yields an ex- 243
pression for the rate of mass loss from the rocket 244
M == pe|vex|Ae' (7) 245

The above expression for mass loss rate encapsulates the 246
assumption that the density of exhaust gas (p,) does not 247
change appreciably over the nozzle exit plane. v,, is the 248
magnitude of exhaust gas velocity relative to rocket body 249
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FIG. 2. (Color online) A typical representation of drag
coefficient (Cp,) vs Mach number for a rocket (Ref. 30).
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250 computed at the nozzle exit plane along the x-direction (i.e.,

251 the longitudinal axis of the rocket) of the body-fixed refer-
252 ence frame. Note M is constant if the flow through nozzle
253 throat is choked. Using Egs. (3), (4), and (7), Eq. (2) could
254 be modified to get

1 . . . > s z P 7
255 ECDPa(xi Yo+ E)AR+ (Pe= PIAL + Fo + Fock = Mgl

+|Mlv,i-26 f 0dM = M (5,1 + ¥ ,J +7,K). (8)

256 M

257 Using Reynolds transport theorem, the Coriolis term in Eq.
258 (8) could be expanded to obtain

1 2 2 a7 > - - -
259 - ECDpa(xi + y¢2) + Zcz))ARl + (pe _pa)Ael + Fsy] + Fszk - Mg]

e J - .
260 +|Mlv,,i - 2@{ - f pFdV + f pi(T . dA)} =M, 1
dt) ey cs
261 +5,J+%K). 9)

262 Again, under the assumption of steady internal flow and neg-
263 ligible variations in center of mass from its initial configura-
264 tion, Eq. (9) reduces to the following form:

1 2.2 o, 7 > 2 -
265 - 5 Dpa(x(z; + y(z) + Z(z))ARl + (pe _pa)Ael + Fsy] + Fszk

266 — Mgl +|Mlv,,i—26[- |M|(L-b)il=MGE]+5,J
267 +7,K). (10)

268 Expressing the angular velocity & in body-fixed coordinate
269 frame as (B:mxz? + a)yf+ wzlz and introducing the Eulerian roll
270 (¢)—pitch ()—yaw (1) transformation from (i, ,k) refer-
271 ence frame to the inertial (i o, I?) frame

i cosyy sing 0|/cosf O —siné
j(=|-sing cosy 0 0 1 0
i 0 0 1]||sinf O cosé 272
10 o ||7
X|0 cose@ sineg [{J (. (11)
0 —sing coso||g 273

the following three scalar governing equations for center-of- 274

mass dynamics of rocket could be obtained: 275
X-motion 276
M, =[(pe = Pa)Ac + M0 = 0.5CpARpy(i5 + 3, 277
+25)]cos 6 cos w—Mg—[FSy+2|M|(L 278

—b)w_]cos O sin i+ [F,, - 2|M|(L - b)w,]sin 6, (12) 279

Y-motion 280

M).;o = [(pe _pa)Ae + |M|vex - OSCDARpa(xi + yrz) + Zg)] 281

X(cos @ sin ¢+ sin @ sin @ cos ) +[F,, +2|M| 282
X(L—-D)w_](-sin ¢ sin @sin ¢+ cos ¢ cos ) 283
—[F,.=2|M|(L - b)w,]sin ¢ cos 6, (13) 284
Z-motion 285
MZ, = [(pe = Pa)Ac + Moo, = 0.5CpArp iy + 3, +2)] - 286
X(sin ¢ sin /- cos @ sin @ cos ) + [F,, +2|M| 287
X(L—=Db)w_](cos ¢ sin € sin s+ sin ¢ cos i) 288
+[F,. = 2|M|(L - b)w,]cos ¢ cos 6. (14) 289

It is evident from Egs. (12)—(14) that in-nozzle stochas- 290
tic side loads could significantly influence the translational 291
dynamics of a rocket during its attitude. Also, it is to be 292
noted that the Euler angles (¢, 6, #) in these equations time- 293
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294 varyingly depend on the angular velocity @&, which further

295 highlights the coupling between the translational and rota-
296 tional (i.e., roll, pitch, yaw) motions of rocket during its at-
297 titude. Using the rotation matrices, one could readily obtain
298 the following relationship between the components of angu-
299 lar velocity in body-fixed reference frame and the time rate
300 of change in Euler angles

w, cosy sing O|lcosf O —siné||¢
o, (=|-sing cosiy O 0 1 0 0
301 w, 0 0O I]|sinf O cos@ ||O
cos sinyg 0[O 0
+|=sing cosyp 0|yo(+10
302 0 0 1]lo W
w, cos fcosy siny O ¢
or Yo, (=|—cos @siny cos 0 0 (15)
303 w, sin 6 0 1]ly

304 It is clear from Eq. (15) that a unique correspondence exists
305 between the time rate of change in Euler angles and the
306 components of angular velocity as long as the above trans-
307 formation matrix is nonsingular (i.e., unless 6= = 7/2). For
308 the instant when #= = 77/2, the time rates of Euler angles are
309 obtained using the following equations:

310 f=vol+al,

. 0,0, — 0,0,

= 2, 2
311 W+ w,
. T T

- _ ing), 6 -——,=1. 16
ap ¢ (@~ Psgn(sin 6) 6{ 5 2} (16)
313 Using generalized Kane’s equations, Eke ef al*™! de-

314 rived the following vector equation for the rigid-body rota-
315 tional dynamics of a variable mass system.

-, - dl N
I(B+(B><(I(D)+E(Z)+J pl7F X (@ X AT . dA)

316 cs
d
+— p(F X ﬁ)dV+J plad X (F X 0)]dV
317 at) ey cv
+f p(FX0)G.dA)=M,,. (17)
318 cs

319 Here, I denotes the principal inertia tensor about the body-
320 fixed axes (xyz), which are also the principal axes. Using the
321 axisymmetry of rocket body, it is assumed [, =1 =I. The
322 computation of the surface and volume integral terms in Eq.
323 (17) could be readily done as explained subsequently.

324 The position vector (as shown in Fig. 1) from the instan-
325 taneous mass center O to a generic fluid particle leaving
326 nozzle exit area (A,) could be expressed as

J. Appl. Phys. 108, 1 (2010)

r*IAe:—(L—b)z?+rcos {j + 7 sin k. 327
The infinitesimal fluid area element at nozzle exit could be 328
expressed as dA=—rdrd{i. The exhaust gas velocity profile 329

relative to rocket body) over the nozzle exit plane (A,) is 330
y p e
considered to be! 331

2
ks W, r ? . s
17|AE=—vexi+(—R —wxr)(—j sin {+kcos ().  (18)

e 332
The j and k components in the above expression (similar to 333
those introduced by Tran and Eke’') account for the effects 334
due to whirling of fluid particles as the rocket (primarily 335
assumed to be a cylindrical body) spins or rolls about its 336
longitudinal axis (i.e., the x-axis of the body-fixed reference 337
frame). The term w,*/R, assumes parabolic distribution of 338
azimuthal velocity field as the fluid particles escape/cross the 339
nozzle exit plane. This is a simplified approximation that 340
accounts for the fact that the fluid particles on the longitudi- 341
nal axis of symmetry (i.e., x-axis) do not whirl, while those 342
particles at the nozzle surface will whirl with a tangential/ 343
peripheral azimuthal velocity of wR,. Note v,, is not a func- 344
tion of {, owing to axisymmetry, and is also assumed to be 345
uniform/constant over the nozzle exit plane. Also, density p; 346
is assumed to be uniform over the nozzle exit plane. Using 347
these expressions, the surface integral terms in Eq. (17) 348
could be readily evaluated to yield the following expres- 349

sions: 350
o5 i = M e
p(F X 0)(U.dA)=- oR;i. (19)
Cs=A, 10 351
f pl7 X (& X P . dA) = |[MI{((L - b)* + 0.25R?)
CS=A, 352
X (@] + 0,k) + 0.5R}w,i}. (20) 353

For the volume integral term [i.e., the sixth term in Eq. 354
(17)], the contributions from geometrical nonuniformities in 355
rocket body and nozzle sections are neglected and the rocket 356
combustion chamber is primarily treated as a cylinder of ra- 357
dius R; with an axisymmetric internal flow field having a 358
velocity profile (relative to rocket body) similar to Eq. (18) 359
(Ref. 31) 360

T=-vi+ (RL - l)wxr(—fsin {+kcosd); v, # fO.

1

(21) 361

The position vector from the instantaneous mass center O to 362
a generic fluid particle contained within the rocket body is 363
given by F=Ri+rcos { j+7 sin Zk. The infinitesimal fluid vol- 364
ume element could be expressed as dV=rdrd{dx. Using 365
these expressions, the volume integral term [i.e., the sixth 366
term in Eq. (17)] could be evaluated to yield the following 367
expression: 368
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[ e xomav=- B
&X (FX0 =- 0,0,] — 0.0k).
Ccv P 10vexR5 J '

369 (22)
370 It is clear that this volume integral term in fact captures the
371 gyroscopic torques that the rocket experiences during its at-
372 titude. Using Eqgs. (19), (20), and (22) and the assumption of
373 steady internal flow, Eq. (17) could be simplified to yield the
374 following three governing equations for the rotational dy-
375 namics of rocket during its attitude:

. 2 .
476 I .o + <IM + §|M|R§)wx =0, (23)
377 Ioy+ (L~ Do, + o, + |[M|[(L - b)*+0.25R ],
M|LR? I
- | | 12 Wy W, =My - j’ (24)
378 10v,,R;
379 o~ (I~ Dw,w,+ o, + |M|[(L-b)*+0.25R]w.
|M|LR} .
S0, =M,, k. (25)
380 IOUeng

381 Since the line of action of aerodynamic load is assumed to

J. Appl. Phys. 108, 1 (2010)
frame) through the center of mass O of the rocket, the only 383
force that contributes to the external moment term M,,, in 384
Egs. (24) and (25) is the in-nozzle stochastic side load. The 385
moment due to these stochastic side loads could be computed 386
as 387

M=~ (L=b)i X (Fy,j+ F k). (26) 388
Thus, Eqgs. (12)—(16) and (23)—(26) together constitute the 389
governing equations for translational and rotational dynam- 390
ics of a variable-mass rigid-rocket during its attitude. It is 391
clear from these equations that the stochastic lateral loads on 392
the nozzle walls could significantly influence the dynamic 393
response of rocket, which could be undesirable or perilous. 394
The subsequent section discusses the mathematical model for 395
computation of these stochastic side loads (i.e., F, and Fy,) 396
on the rocket nozzle. 397

It is evident from the governing equations of rocket 398
model that a fairly accurate description of altitude-dependent 399
atmospheric pressure and density is needed for capturing the 400
overexpanded flow dynamics. Thus, a National Aeronautics 401
and Space Administration (NASA) atmospheric model is 402
adopted from literature™> and embedded in the above govern- 403
ing equations. The NASA atmospheric model for ambient 404
pressure, temperature, and density is given by the following 405

382 coincide with the longitudinal axis (i.e., x-axis of body-fixed equations: 406
407
408
p
T,+273.1\%% ,
101.29| —— , x,< 11000 m(i.e. meters)
288.08
p,(in kPa) =19 22.56¢!!73-0:000157%,) 11000 m < x, <25 000 m,
T,+273.1\711-388
2488 4———— , x,>25000 m
409 L 216.6
(15.04-0.006 49x,,  x,< 11000 m
T,(in °C)=1-56.46, 11000 m < x,< 25000 m,
410 |- 131.21+0.002 99x,, x,>25000 m
. Pa
kg/m?) = .
i Pelin KM = T, +273.0)
412
413 |
414
A. Side load physical processes 423

415 lll. NOZZLE SIDE-LOAD MODEL FOR FSS REGIME

416 Broadly speaking, the origin of side loads on rocket
417 nozzles can be traced to one or more of the following fea-
418 tures: steady and/or time varying asymmetries in the nozzle
419 flow and pressure fields, steady and/or time-varying asym-
420 metries in nozzle shape, and external aerodynamic loading.
421 Focusing on the first case, the following chain of physical
422 processes can create side loads.

During low altitude flight, ambient pressure can, and of- 424
ten does, exceed near-exit pressures within the nozzle, i.e., 425
the nozzle flow can be overexpanded. Under these condi- 426
tions, excess external pressure can force ambient air up- 427
stream into the nozzle, where the incoming flow is confined 428
to the low inertia near-wall region. This counter-flow contin- 429
ues upstream to a locus of points, the nominal boundary 430
layer separation line, s(¢,7) (as depicted in Fig. 3), at which 431
a balance between (decaying) upstream inertia and down- 432
stream boundary layer inertia causes separation of the latter. 433

AQ:
#9



1-7 Srivastava, Tkacik, and Keanini

- r

x(H(0) |

FIG. 3. Schematic of instantaneous boundary layer separation line shape,
s(¢,1). The time, or equivalently, altitude-dependent mean separation line
location (along the nozzle’s longitudinal axis) is denoted as x,[H(7)], where
H(t) is the instantaneous rocket altitude. The corresponding nozzle radius is
R(x,).

434 The separating boundary layer, in turn, forms a virtual turn-
435 ing corner along the nozzle wall, triggering formation of a
436 three-dimensional oblique shock structure within the external
437 supersonic, nonboundary layer flow. The shape of s(¢,1) is
438 random and asymmetric. Thus, due to the pressure jump
439 across the associated oblique shock, a net, nominally-radial
440 pressure force, the side load, F.(¢) (boldface font represents
441 vector quantity), acts on the nozzle wall. Due to the random,
442 time-varying shape of s(¢,7), the instantaneous magnitude,
443 A(H)=F,(t)|= ny+FfZ, and direction, ¢, of F, likewise vary
444 randomly in time. Two distinct shock-boundary layer sepa-
445 ration structures, the FSS and RSS structure, appear to play
446 prominent roles in nozzle side loading.l"k6 Although the
447 model proposed here applies to side loads associated with the
448 FSS structure, a similar approach can be adapted to side
449 loading associated with RSS structures.

450 Current side-load models can be characterized as one of
451 two types, phenomenological models which attribute side
452 loading to, e.g., a fixed boundary layer separation line within
453 the nozzle,3 3 or, more recently, semiempirical statistical
454 models***** which require experimentally measured correla-
455 tions of the nozzle wall pressure field. Dumnov** introduced
456 the latter approach in 1996 and his ideas now dominate this
457 area of research.

458 The objectives of this section are threefold. First, we
459 wish to propose an alternative probabilistic approach to
460 Dumnov for computing side loads. As described here, the
461 present approach focuses on the statistical behavior of the
462 random separation line, s(¢,). Second, closure of existing
463 probabilistic side-load models requires either complex ex-
464 perimental measurements of nozzle wall pressure distribu-
465 tions, or development of high-level compressible flow simu-
466 lations capable of capturing complex three-dimensional,
467 unsteady shock boundary layer interactions.'”>*® We wish to
468 develop a relatively simple, physically consistent model of
469 separation line motion and side loading that circumvents the
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0
R(H(t)) AO

FIG. 4. Separation line model: the mean separation line position, x,[H(?)],
moves down the nozzle axis, x on the slow time scale associated with
vertical rocket motion. By contrast, axial separation line motion about
x,[H(r)], at any angular position, ¢,, is random, and takes place on a much
shorter time scale; rapid axial motion, in addition, is confined to the nominal
shock boundary layer interaction zone, denoted by L,. Pressures upstream
(P;) and downstream (P,) of the instantaneous separation line, s(¢,1), are
assumed to be spatially uniform within L, but do vary with rocket altitude,
H(1).

heavy experimental and numerical modeling demands asso-
ciated with present approaches. Specifically, we propose a
purely analytical solution to the closure problem. Third,
while altitude effects play a crucial role in side-load evolu-
tion and behavior, this important feature has not been exam-
ined. Thus, we incorporate this effect within the proposed
model.

The proposed side-load model requires statistical infor-
mation on two random features: (i) the instantaneous azi-
muthal pressure distribution in the vicinity of the instanta-
neous in-nozzle boundary layer separation line, s(¢,7), and
(ii) the instantaneous, azimuthally varying shape of s(¢,7)
(refer to Figs. 3 and 4).

With regard to the first feature, scaling arguments below
indicate that at any instant, spatial pressure fluctuations im-
mediately upstream and downstream of the instantaneous
separation line are small relative to associated (spatially uni-
form) mean pressures. At first glance, this appears to contra-
dict the well known observation®® that pressures near the
separation line exhibit significant random variations in both
the axial and azimuthal directions. However, based on our
scaling analysis, we argue that these observations reflect ran-
dom fluctuations in the separation line shape, taking place
within near-uniform upstream and downstream wall pressure
fields.

Comparing experimental requirements necessary for clo-
sure of Dumnov’s model® versus those required for closure
of the present model, since Dumnov™* ignores separation line
dynamics, his approach again requires experimentally or nu-
merically generated data on the axially and azimuthally vary-
ing nozzle wall pressure distribution (obtained in the vicinity
of the boundary layer separation zone). The present ap-
proach, by contrast, exploits the well-known observation®
that local separation line dynamics exhibit fairly universal
statistical characteristics, independent of the shock generator,
nozzle type, and separation location. [Here, and with refer-
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506 ence to Fig. 4, local refers to separation line motion observed

507 within a thin rectangular region of (say) lateral width RA¢
508 and axial length L, where R and L, are defined below and in
509 the caption.] Presuming that the statistics of separation line
510 motion remain nominally independent of azimuthal position
511 (within circular nozzles), the experimental effort required for
512 closure here thus appears to be significantly less; again, we
513 use simple analytical modeling in order to achieve closure.

514 B. Probabilistic side-load model

515 Considering the instantaneous force vector produced by
516 asymmetric boundary layer separation, Fy(z), expressed as a
517 sum of radial and axial components

518 F (1) =F,(¢) + F(2), (27)

519 we note the following important experimental and numerical
520 observations concerning the side load, F,, (within rigid, axi-
521 symmetric nozzles):

522 (a) the probability density of the random amplitude, A
523 =|F,|, is a Rayleigh distribution®*** and

524 (b) the random instantaneous direction, ¢, of F, is uni-
525 formly distributed over the periphery of the nozzle, or
526 poh)=1/2m, where p, is the pdf of the side-load
527 direction.

528 In this subsection, we adapt a discussion from Ref. 41 to

529 show that both observations can be explained using a simple
530 statistical model of random side loads. Knowing A and ¢, it
531 is trivial to express the instantaneous side-load components
532 in body-fixed y- and z-directions as F,,=A cos ¢ and F,,
533 =A sin ¢. The following assumptions were made regarding
534 the statistics of Fy, and F:

535 (i) F, and F, are independent, Gaussian random vari-
536 ables,

537 (ii))  (F,,)=0 and (F;)=0, and

538 (111) <(Fsy_<Fsy>)2>=<(Fsz_<Fsz>)2>=02»

539 where, assuming ergodicity, ) denotes either an ensemble
540 or time average. As shown in Sec. IV, the first two assump-
541 tions can be derived from the model of separation line dy-
542 namics presented there and in Sec. III, the last assumption
543 reflects the presumption that the random flow features under-
544 lying side loading are azimuthally homogeneous.

545 Thus, writing F,, and F, as, FSyzi_’:A cos ¢ and F,
546 =Z=A sin ¢, the joint probability density associated with Fy,
547 and F, can be expressed as

__ _ _ 1 Y?+ 7
548 P?i(Y,Z)=P§(Y)'PZ(Z)=WGXP<— %) (28)

549 Following Ref. 41, we restate py; in terms of A and ¢ as,

550 Pagp= Vpyz(Y.2), (29)
551 where py4(A, ) is the joint pdf for the random amplitude
552 and direction of F,, and where the Jacobian determinant is

553 given by
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] = “ &‘f’ =Al. (30)
9z Iz
GA 9 554
Thus, 555
9= el ) () Bl 2]
PadA )= Sexp\ =5 3 ) =\ 00 )| 2P\ T 202 556
=ps(P)pa(A), (31) 557
where 558
1
P¢(¢)=;T, 0<¢=2m, (32) 5o

is again the uniform probability density underlying the ran- 560

dom direction ¢ and 561
A A? )
A)=—e -—, 33
pA( ) 2 XP( 202 ( ) 562
is the Rayleigh distribution for the amplitude A. 563

It is thus clear that the simple assumptions (i)—(iii) above 564
provide a basis for explaining and modeling known side-load 565
statistical properties. In addition, this appears to be the first 566
analytical, i.e., nonexperimental and nonnumerical, explana- 567
tion of the observations®**> noted in (a) and (b) above. 568

C. Model closure: Separation line shape 569

In order to close the statistical description of random 570
side loads, the parameter o in Egs. (31) or (33) must be 571

determined. In this section, we 572
(i)  relate o to (A%) and 573
(i)  propose a model of separation line dynamics. 574

The second task rests on simple scale analyses of the 575
fluid dynamical features extant within, and near, the shock- 576
boundary layer interaction zone, as well as introduction of 577
simple assumptions on the statistics of separation line mo- 578
tion. Given the separation line model, the side-load model 579
can then be closed, as described in Sec. IV. 580

The parameter o can be related to (A%) by first noting 581
from the statistical model of the side-load components F;, 582

and F,, that 583
<(Fsy - <Fsy>)2> = <Ffv> = 0-2’ 584
(Fo=(FP) = (Fi)= 0. (34) 585

Since, AZ:ny+Ffz, we get 586
<A2>:<ny>+<Ffz>: &+ a?=20" (35) 587

or 588

L 75
o= v’5\<A ). (36) 589

Equation (36) could also have been directly obtained using 590

standard formulae for the Rayleigh distribution®’ (A) 591
=oVm/2, var(A)=0>(4—)/2, and var(A)=(A%)—(A)>. 592
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593 1, Model of separation line motion

594 Considering the random axial (streamwise) motion of
595 the boundary layer separation line, we take advantage of a
596 separation in time scales, 7z and 7, associated, respectively,
597 with the slow downstream motion of the line’s mean posi-
598 tion, x,(r) =x,(x,(f)=H(t)), and the rapid motion of the sepa-
599 ration line about x,(r). The mean position of the separation
600 line moves downstream in response to the decaying external
601 ambient pressure; thus, 7, is estimated as 7R=AH,/Vy,
602 where AH, is the characteristic incremental altitude over
603 which significant ambient pressure changes occur and Vj is a
604 characteristic rocket speed. By contrast, 7, corresponds to the
605 lower end of the frequency spectrum associated with large
606 amplitude, random axial motion of the separation line about
607 x,; this lower end ranges from approximately 10 to 300 Hz
608 while the amplitude of random axial motion, delimiting the
609 nominal shock-boundary layer interaction zone, ranges from
610 approximately 1 to 5 cm.”

611 Thus, since 7x> 7,, then over time intervals At=0(7g),
612 well defined statistical features associated with the fast sepa-
613 ration line motion about x,(f) can, at any given instant, be
614 reliably determined. Given this difference in time scales, we
615 propose the following model of separation line motion:

616 (i) Assume that at any altitude H=H(t)=x,(z), a station-
617 ary, time (or equivalently, ensemble) average separa-
618 tion line shape, 5(H), exists, where averaging is car-
619 ried out over intervals 7 that are long relative to 7,
620 but short relative to 7.

621 (ii)  Assume that the mean separation line shape, s(H), is
622 independent of the azimuthal angle ¢. This is a rea-
623 sonable assumption for FSS within nominally sym-
624 metric nozzles that are attached to well-designed com-
625 bustion chambers that do not produce significant
626 asymmetric combustion.

627 (iii) At any altitude H, or equivalently, any time 7, dis-
628 cretize the instantaneous separation line shape into N
629 equiangular increments, A¢. As shown in Fig. 4, we
630 define a circular reference line passing around the in-
631 ner periphery of the nozzle, where the reference line
632 coincides with the mean axial separation line location,
633 x[H(?)]. In addition, define N differential areas

634 AA;=R(x,(1))s(p,t)Ap, i=1,2,...,N, (37)
635 where R[x,(z)] is the nozzle inner radius at x(r)
636 =x,[H(t)], and s(¢;,?) is the instantaneous axial posi-
637 tion of the separation line at ¢=¢,, relative to the
638 (time-varying) reference line.

639 (iv) Define, at any given altitude H, a shock-boundary
640 layer interaction zone of axial length L; which encom-
641 passes the axial region over which the separation line
642 moves. Assume that within this zone pressures up-
643 stream and downstream of the instantaneous separa-
644 tion line, P;(t)=P{x,[H(t)]} and P,(t)=P,[H(r)], re-
645 spectively, are independent of ¢ and only depend on
646 altitude H=H(1).

647 In order to justify these assumptions, and as an
648 important aside prior to listing the last two model as-

649 sumptions, we use scaling to argue that spatial pres-

J. Appl. Phys. 108, 1 (2010)

sure variations both up- and downstream of x(r),
within the nominal shock-boundary layer interaction
zone, are small relative to the respective (background,
slowly time varying) mean pressures, P;(r) and P,(z).

Considering first the upstream side of the instan-
taneous separation line, three potential sources of spa-
tial pressure variations can be identified: azimuthal
acoustic pressure modes within the upstream in viscid
supersonic flow, upstream transmission of acoustic
disturbances within subsonic portions of the turbulent
boundary layer, and dynamic pressure produced by
the turbulent boundary layer. Pressure variations pro-
duced by azimuthal acoustic modes are likely minimal
since these modes cannot propagate (azimuthally)
more than a distance of order O(L,/M;) (where M; is
the free stream Mach number at the incipient separa-
tion point).

With regard to the second source, while Liep-
mann er al.** observed that acoustic disturbances
travel no more than one or two boundary layer thick-
nesses upstream within turbulent compressible bound-
ary layers, in relatively thick boundary layers, such
disturbances could produce spatial pressure variations
on the upstream side of the instantaneous separation
line. However, extending an argument given immedi-
ately below, since the maximum characteristic magni-
tude of these variations, Ap’, is small relative to the
characteristic pressure difference, P,—P; across the
separation line (where the latter is used to calculate
side loads), then even in cases where acoustic distur-
bances penetrate well upstream of the separation line,
for computational purposes, we can neglect the asso-
ciated pressure variation.

Finally, considering pressure variations due to
boundary layer turbulence, the ratio of turbulent pres-
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sure variations to the mean pressure is on the order of 685

p'/P;=0(u'*/U?), where the latter, representing the
ratio of characteristic upstream random to mean ve-
locities, is small.

On the downstream side of the instantaneous
separation line, a large, subsonic, near-wall separation
zone exists."**® Acoustic pressure fluctuations at and
near the nozzle exit, as well as those within the sepa-
ration zone, can thus propagate upstream, and indeed,
these fluctuations are implicated as the primary source
of the low frequency, large amplitude separation line
motions noted above. [High frequency, small ampli-
tude jitter is also observed” and appears to be pro-
duced by advection of vorticity through the foot of the
separation-inducing shock.] Since spatial pressure
variations upstream of the instantaneous separation
line appear to be small (as argued above), we can use
the characteristic magnitude of the random down-
stream pressure fluctuations, Ap’, as a useful estimate
of the maximum pressure fluctuations extant within
the entire shock-boundary layer interaction zone.

An estimate for Ap’ follows via two equivalent
routes: (i) focus on the axial dynamics of boundary
layer particles immediately downstream of the instan-
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taneous separation line and scale particle inertia
against the net axial pressure force® or (ii) scale axial
inertia, puthzLS/*rf, against pressure, P,~Ap'/L,,
in the Navier—Stokes equations. Either approach leads
to

Ap'IPy=~Ap'IP, =~ (p,LJ7)IP, <1, (38)
where the downstream density and pressure, p, and
P,, are approximately equal to (altitude-dependent)
ambient values, p, and P,. Thus, over the boundary
layer-shock interaction zone, spatial pressure varia-
tions on either side of the instantaneous separation
line are small relative to the instantaneous (altitude
dependent) downstream mean, P,[H(f)] (and again,
are thus small relative to P,—P;).

Returning to the model, we express the probability of
observing any given instantaneous separation line
shape, s(¢,1), as a joint probability density
pszps(sl’sb '“ssN)» (39)
over the N-dimensional set of random variables de-
scribing the shape

[51=S(¢1,f), 82=S(¢2,I), 53=S(¢3’t)7 cees SN
=S(¢N’t):]

assume that each member of the set

’SN] IS

and
[Sl,S2,53,

(a)independent,
(b)Gaussian, and
(c)has the same (altitude-dependent) variance, var(s;)

(vi)

=o;=0,(H).

Considering first assumption (a), we expect that
under conditions where large downstream azimuthal
acoustic modes are not excited (such as those impli-
cated in tee-pee separation patterns > for example),
this assumption is approximately valid. In addition,
this assumption leads to considerable mathematical
simplification. Assumption (b) is consistent with ear-
lier observations,‘l’43 while (c) appears reasonable,
again under conditions where nozzle shape and com-
bustion are nominally symmetric, and where down-
stream flow asymmetries are small. Taken together,
and as shown below, these assumptions lead to theo-
retical results, given in Eq. (46) below, that are con-
sistent with observed side-load statistical properties.
Finally, when moving from the discrete to continuous
limit, A¢p— d¢, and consistent with assumptions (va)
and (vc) above, we assume that the instantaneous
separation line, s(¢,17), is delta correlated in ¢
(s(.1).5(" 1)) = 078 = '), (40)
where (-), denotes an ensemble average over the
space of all separation line shapes.
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D. Side-load statistical properties 758

Having proposed a statistical model of separation line 759
dynamics, we can now calculate side-load statistical proper- 760
ties, specifically ensemble averages of the lateral side-load 761
components, (F,,); and (F,);, and importantly for present 762
purposes, the mean squared side-load amplitude, (A%),. 763

Based on assumptions (va)—vc) above, the joint prob- 764
ability density, p,, associated with the instantaneous random 765

separation line shape is given by 766
1
Ps(s1582, ... 5y) = HP[ A N2
o) 767
2,2 2
S{HS5+ ..+
Xexp(— 2 N). (41)
20; 768
Expressing p; as the product of the N Gaussian pdfs, p;, I 769
=1,2,...,N, where each p;, given by 770
1 s? )
§p) = —7——=exp|— —5 |, 42
pilsp) \/Faf P( 203 (42) 771

is again associated with the independent random line dis- 772
placement, s;=s(¢y,1). 773
Ensemble averages of the instantaneous side-load com- 774

ponents F, and F|, then follow as: 775
(Fo[H®)])y=RIH@) {P[H(1)] 776
2m
~p gl sin gs(amds @
0 777
and 778
(FlH(N)]Ds=RIH(KPH@)] 779
2w
- P [H(1]} J cos (s(p1)dp,  (44)
0 780

where we approximate the downstream pressure P,[H(t)] as 781
the instantaneous ambient pressure, P, [H(t)] 936 In order to 782
evaluate these averages, express the kth realization of, e.g., 783

Fik,), in discrete form as 784
F®(s1,85, ... .s5) = RIH(KP[H(1)] - P[H(1)]} 785
N
x 2 sW(gsin(d)A e, (45)
I=1 786

where s®(¢,) is the associated separation line displacement 787
at ¢;. Taking the ensemble average term by term, and noting 788

that 789
(sp,= f f . f SiP(81,82, .. sy)dsds, ... dsy

—o Jw _»o 790

=0, 791

then leads to the result that ensemble averaged values of both 792
side-load components are zero 793
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94 (F [HD), =0,

795 The altitude-dependent average squared side-load amplitude,
796 (A2[H(1)]),, is finally determined as follows:

797 A’[H(0)]=F3(H) + Fo.(H) = RH®){P[H(1)]

(F[H(0)])=0. (46)

2 2
P LHOT { J s(@)cos ¢d¢]

798 0
2 2
+ |:f s()sin ¢dqb:|
799 0
800 or

801 A”[H(1)]=R[H(){P[H(t)]- P [H(1)]}?
27 27

802 le f s(¢)s(¢p")cos(¢p— ¢')d¢d¢’]- (47)
0 0

803 Taking the average (A2),, and using Eq. (40), we get
(A% = (A’[H(1)]) = 2mo RIH(O K PLH(1)] - P [H(1)]Y.
804 (48)

805 Taking o as the experimentally observed (nominal) length
806 of the shock interaction zone, L, the sideload model is
807 closed finally by using the right side of Eq. (48) in Eq. (36),
808 yielding the parameter o in Eq. (31) [(or Eq. (33)].

809 IV. RESULTS AND DISCUSSION

810 The rocket dynamics model used for numerical experi-
811 ments corresponds to the translational and rotational equa-
812 tions of motion, Egs. (12)—(14) and (23)-(25). During the
813 side-loading period, 0 =<7, this nonlinear coupled system
814 is forced by random nozzle side loads. In order to simulate
815 any given side-load history, a three-step Monte Carlo ap-
816 proach is employed. First, at any instant 7, the instantaneous
817 mean separation line location, x,(f), is determined using an
818 approach outlined in Keanini and Browm.” Thus, an ap-
819 proximate nozzle pressure ratio is first calculated as

_Pe PP Py
Pu[H(t)] - Pi P2 Pa[H(t)]

821 =g(M)f(M;,B)c(1), (49)

822 where g(M;)=Py/P;, f(M;,B)=P;/ P,, c(t)=P,/P,(H(t)), P;
823 and P, are pressures upstream and downstream of the
824 separation-inducing shock, f is the shock angle, and M; is
825 the associated upstream Mach number. The implicit function
826 g(M;) is obtained via the generalized quasi-one-dimensional
827 model of isentropic flow* while f(M;,B) corresponds to the
828 pressure ratio function for oblique shocks based on Keanini
829 and Brown separation criteria.”” The function ¢(1) captures
830 the small down-stream pressure rise that drives flow within
831 the near-nozzle-wall recirculation zone; generalizing, e.g.,
832 the results from Keanini and Brown® to the present case of
833 time-varying ambient pressure, we assume that c(¢)=0.85.
834 Similarly, and consistent with a number of shock angle mea-
835 surements (see literature overview in Ref. 29), we take the
836 shock/flow deflection angle #=15.2°. Again, using the well-
837 known shock relationship [see Eq. (50)], the turning/

NPR(f) =

J. Appl. Phys. 108, 1 (2010)

TABLE I. Model simulation parameters and values.

Parameters Values
Mass of rocket, M (at t=0) 1200 kg
Nozzle exit radius, R, 0.25 m
Nozzle throat radius 0.05 m
Radius of main rocket body, R; 0.2 m
Nozzle divergent section angle 15°
Length of rocket, L 10 m
Location of center of mass of rocket from the apex, b 5m
Moment of inertia about roll axis, I, (at 1=0) 135 kg m?
Moment of inertia about yaw/pitch axis, I (at r=0) 10 000 kg m?
Combustion chamber pressure (stagnation pressure), P, 7 MPa
Combustion chamber temperature (stagnation

temperature), T 3600 K
Polytropic exponent of exhaust gas 1.34

Gas constant for exhaust gas 355.47 J/kg m?
Polytropic exponent of ambient air 1.4

Gas constant for ambient air 287 J/kg K

deflection angle @ can be easily expressed (especially for the 838

in viscid flow outside the separating boundary layer) as a 839
function of incipient Mach number M; and the shock angle 8 840
(Ref. 44) 84

2 cot B(M? sin®> B—1)
tan 0=

Mi(y+cos2B)+2 0 842
Thus, given NPR(7) and turning angle 6, Egs. (49) and (50) 843
allow determination of the associated incipient upstream 844
Mach number, M;=M(t). Given M(t), the corresponding 845
nozzle radius, R(¢), is determined using the area-Mach num- 846
ber relation for quasi-one-dimensional isentropic flow. Given 847
R(7), x,(), then follows from the known nozzle geometry. 848

Second, given the instantaneous mean separation line 849
position, a single realization of the instantaneous separation 850
line shape, s(¢,1), is generated incrementally: at any given 851
angular position #,=j(2mN"', j=1,2,...,N, a separation 852
line displacement, As;=s(¢;,?), is determined by sampling 853
the cumulative distribution function associated with the dis- 854
placement amplitude density, Eq. (42). 855

Third, once N  independent  displacements, 856
[As(2),85(1),...,Asp(2)], are thus computed, associated in- 857
stantaneous side-load components, F,[H(t)] and F,[H(t)], 858
are calculated via single realization (nonaveraged) versions 859
of Egs. (43) and (44). [Note: the instantaneous rocket alti- 860
tude, H(r), is determined via the vertical momentum Eq. 861
(12); this in turn allows determination of the ambient pres- 862
sure, P,[H(7)]. In addition, the pressure P,(r) is obtained us- 863
ing the quasi-one-dimensional isentropic relation for P,/ P;.] 864

Model simulations were performed using MATLAB/ 865
SIMULINK. Single realization time histories of side loading 866
and associated translational and rotational displacements 867
were obtained by numerically integrating the governing 868
equations using a fourth-order Runge Kutta algorithm. 869
Model parameters, given in Table I, are representative of 870
those associated with sounding rockets, e.g., the 871
Peregrine“sf47 and Black Brant.*® This choice was guided by 872
various scaling arguments, all of which showed that side- 873
load effects on rocket dynamics become increasingly promi- 874
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Side loads within rocket nozzle
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FIG. 5. (Color online) In-nozzle stochastic side loads
(n) vs rocket vertical altitude (km).
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875 pnent with decreasing rocket size. [The most straightforward

876 of these proceeds as follows: form the ratio of characteristic
877 side-load magnitude to characteristic thrust

FS - (Pa _Pi)ZWReUs O

878 PelA. kPMR; kMR,

879 where subscripts refer to values at the nozzle exit and where
880 R, is the nozzle exit radius. Here, we used P,> P, (where P;
881 is the characteristic nozzle pressure immediately upstream of
882 the separation-inducing shock), as well as P,~ P, (which is
883 approximately true while the separation-inducing shock lies
884 within the nozzle). Since M? and oy are, in a order of mag-
885 nitude sense, relatively fixed for a range of rocket nozzle
886 sizes, then it is clear that relative side-load magnitudes in-
887 crease with decreasing rocket size.]

888 As soon as rocket ascends from sea-level, an oblique
889 shock system is generated within its exhaust nozzle due to
890 overexpanded flow condition [the isentropic nozzle flow exit
891 pressure being lower than the ambient atmospheric pressure
892 at sea-level, i.e., with NPR (=P,/p,) being approximately
893 70]. Due to adverse pressure gradient and nozzle geometry,
894 flow separation from nozzle walls also occurs just about the
895 same location as the shock. With increasing altitude (i.e.,
896 with increasing NPR), the separation line and thus the shock
897 continue to move downstream of the nozzle (as illustrated in
898 Fig. 6). It is to be noted Fig. 6(a) only represents approxi-
899 mate geometry of shock within the nozzle, where the radial
900 [i.e., R[H(?)]] and the axial positions [i.e., x,[H(f)]] are re-
901 lated to each other through nozzle geometry, thereby not cap-
902 turing or emphasizing the detailed structure of complex
903 shock-boundary layer interactions (refer to Ref. 1 for de-
904 tails). The flow within the nozzle continues to be overex-
905 panded till an altitude of approximately 3.85 km. Once the
906 shock exits the nozzle (i.e., at an approximate altitude of
907 3.85 km), the flow within the nozzle is fully isentropic—any
908 further discrepancy between the nozzle exit pressure and the

45 5

ambient pressure is compensated through a system of ob- 909

lique shock diamonds or expansion fans past the nozzle exit 910
plane. Since the nozzle flow is supersonic and fully isentro- 911
pic past ~4 km altitude, the pressure information past exit 912
plane does not propagate upstream to the nozzle, and hence 913
has no influence on the in-nozzle side loads. So, even though 914
Fig. 7 illustrates that fully isentropic nozzle exit pressure 915
(after ~4 km altitude) is lower than the ambient pressure 916
and continues to be so till an altitude of approximately 30 917
km, pressure variations due to oblique compression shock 918
diamonds in this zone of the flight (i.e., from ~4 to 30 km) 919
do not affect the in-nozzle stochastic side-load generation 920
process. Thus, side loads are generated within the nozzle as 921
long as the separation line and shock are confined to its in- 922
terior. 923

Figure 5 shows a representative time history of both ran- 924
dom side-load components, F,(#) and F(t). Several features 925
can be noted. First, it is found that side-load magnitudes are 926
only one to two orders of magnitude smaller than the char- 927
acteristic thrust; (Fsy,FSZ)zO(lO3 N), while thrust computed 928
is of the order of 10*~10° N. Thus, as anticipated (and as 929
will be shown), side loads play a significant role in rocket 930
dynamics. Second, side loading takes place only at low alti- 931
tudes where ambient pressure remains high enough to force 932
outside air into the nozzle. [The length of the side-load pe- 933
riod, T, can be ascertained, e.g., from Fig. 11(b), where it is 934
seen that random forcing of the yaw rate, w,, ceases at ap- 935
proximately 11 s.] Third, during the side loading period, a 936
slight decay in side-load magnitudes is apparent. This can be 937
explained by referring to nonaveraged versions of Eqgs. (43) 938
and (44) along with Figs. 6 and 7: over 0=¢<T, the pressure 939
difference, PjH(t)]-P,H(r)], determining the side-load 940
magnitude drops by roughly 39% while the nozzle radius, 941
R[H(?)], increases by only 18%. 942

A representative set of single realization results, showing 943
time histories for: (i) position of the rocket’s center of mass, 944
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945 (ii) center of mass translational velocity, and (iii) pitch, yaw experiments, are of the appropriate scale, i.e.,
946 and roll rates are presented, respectively, in Fi.gS. 8,09, anfl |Fsal/ (pevﬁAe) ~ My (MgX,) — (Ty)/ X,(T))
947 111. The sF:ts of res(;ﬂ.ts sﬁown corfrespond to a s;ngle numeri- ~|Fyal/ (penge)=0( 102-107%). Here again, 7(f)
948 cal experiment and n all cases, for purposes of comparison, represents either Y ,(¢) or Z,(¢) and T} is the total flight
949 fully deterministic time histories obtained with random side . . .
. ... L. simulation time, i.e., 25 s.
950 loads turned off are also included. The initial conditions used . . .
. . . (ii)  Due to the same scaling, the effect of side loads on
951 in this and all other numerical experiments are as follows: all ctical disol X.() 4 thus total disol
952 initial translational and rotational velocities and displace- vertical disp ace;menzts, zo.t » an ] t. us fota .1sp ace-
953 ments are zero. Several important observations can be made. ment, r,(1)=\X,+Y +Z,, is negligible; see Figs. 8(a)
and 10.
954 (i) As shqwn in F1.g. 8, random side loads are capable of (i) The same simple scaling argument can be used to
955 producing significant (random) lateral displacements, . . .
. . . interpret observed rocket velocity histories in Figs.
956 on the order of 1 km over the 25 s simulation period. ) . ) .
957 As also shown, and as expected, no lateral displace- 9(.b) and 9(c); here, #(T))/ Xo(Tf)|F sf»z|/ (l?eveAe)- Ll.ke'
958 ment occurs when side loads are suppressed. The wise, the scale of the random variation in the vertical
959 magnitudes of observed displacements, in this and all velocity component, X,(7), (relative to the no-side-
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load history) is on the same order [Fig. 9(a)]. Closer ~ (v)  The effect of side loading on total velocity and dis- 989
inspection of Fig. 9(a), however, yields that the verti- placement is small and on the order of |F,,|/ (peviAe); 990
cal ascent velocity of the rocket is slightly lower when refer to Fig. 10. This simply reflects the dominance of 991
nozzle side loading is taken into account. This could the vertical velocity component relative to the lateral 992
be attributed to transfer of momentum from the lon- components. 993
gitudinal direction (i.e., x-direction) to lateral direc- (vi)  During the side loading period, pitch and yaw rates 994
tions (i.e., y- and z-directions) as rocket undergoes exhibit random responses to the random internal 995
yaw and pitch under the influence of these stochastic torques excited by side loads (refer to Fig. 11); in 996
in-nozzle side loads. Qualitatively, the thrust-time contrast, and due to the lack of coupling between roll 997
curves (equivalently vy, versus time curves) for simi- and side loading, the roll rate remains zero throughout 998
lar small, single-stage rockets have been reported to the simulated flight given zero initial conditions on 999
exhibit similar characteristics as shown in Fig. 9(a)." roll, pitch and yaw. Following the side-load period, 1000
As expected, and as shown in Figs. 9(b) and 9(c), the pitch and yaw rate evolution become wholly de- 1001
when side loads are turned off, lateral velocities re- terministic, subject to a random initial condition at ¢ 1002
main zero throughout any given simulation. =T=11 second (end of side loading period). Under 1003
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FIG. 10. (Color online) Influence of nozzle side loads
on path and speed of rocket during its attitude. (a) per-
centage change in the path of rocket’s center of mass,

% change in rocket CG's speed (|v°|) due to nozzle side loads
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ie., 100|r,—r,nol/rono% where ro=\X24y> 422 s the
radial position of rocket’s center of mass measured
from the origin of the inertial XYZ system (b) percent-

age change in the speed of rocket’s center of mass, i.e.,
100][v,| = |v,lnol/[volno %, Where |v,|= Va2+y2+2% is the
speed and the subscript “NO” refers to the no side-load
scenario.

10
time (s)

15 20

the no-side-load scenario, since no internal or external
torques are present, the rocket rotation remains essen-
tially zero. It is interesting to note from both Figs. 11
and 13 that once the side-loading period is over, the
pitch and yaw rotation rates of the rocket tend to
move toward the zero mean, thereby emphasizing an
underlying rich dynamics associated with a “mean-
reverting” process. The detailed analyses capturing
the nature of this “mean-reverting” process will be
emphasized in subsequent publications.

The differences in the dynamic response of rigid-body
1015 rocket model for side loading and no side load scenarios are
1016 thus quite clear from Figs. 8—11. Although the rocket’s
1017 center-of-mass altitude [i.e., X, in Fig. 8(a)] and vertical
1018 launch velocity [i.e., vy, in Fig. 9(a)] are not affected much

25

by in-nozzle side loads, it’s the rocket lateral motion (i.e.,
Y,, Z,, vy,, Uz, in Figs. 8 and 9) that is significantly in-
fluenced by these side loads. The rocket during its attitude or
ascent thus continues to exhibit deviations (though slight/
minor—refer to Fig. 10) from the path that it would have
taken had there been no side loads in the nozzle. Also, it is
interesting to note that since the side loads in y- and
z-directions exhibit nearly same characteristics (or trends), as
depicted in Fig. 5, the y- and z-direction motions of the
rocket tend to be similar, as could be inferred more clearly
from Figs. 13 and 15, thereby implying the stochastic distri-
bution of side loads do not induce any preference in
y-direction rocket motion over z-direction motion or vice-
versa.

It is clear that Figs. 8—11 only represent a stochastic

Angular velocity (in rpm) of rocket in body-fixed frame
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FIG. 12. (Color online) Time histories (i.e., stochastic
realizations) of yaw angular velocity, w,, of the rocket:
complete collection of w, samples from 100 simulation
runs along with the time slices at 1, 2.5, 7, 15, and 25 s.
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1034 sample for the attitude dynamics of rocket. In order to better

1035 understand the stochastic effects of side-load generation pro-
1036 cess on rocket attitude dynamics, numerous (i.e., 100) simu-
1037 lations were performed to get a collection of stochastic
1038 samples. Later, several standard tests were performed on
1039 these realizations (especially those related to or accounting
1040 for the lateral motion of rocket) to capture the underlying
1041 stochastic distribution characteristics. Figure 12 shows a col-
1042 lection of time histories (stochastic realizations) of the yaw
1043 angular velocity w, of rocket obtained from 100 simulations.
1044 Knowing this collection of data for yaw angular velocity, it is
1045 easy to obtain the mean time history of w, as well as the
1046 deviations from it (refer to Fig. 13). It could be inferred from
1047 Fig. 13 that with increasing (or large) number of stochastic
1048 samples, the mean time history of w, would correspond to

25

the case of no side loading scenario, however, the error mar- 1049

gins or bounds (dependent on the standard deviation, o) 1050
would still be significant. This implies that concluding the 1051
average effect of side loads on yaw motion of rocket to be 1052
null would be erroneous as deviations from the mean behav- 1053
ior are not insignificant. The variance varies with time— 1054
growing steadily as long as shock is within the nozzle and 1055
side loads are being generated, and later decaying as shock 1056
goes past the exit of nozzle plane (as side loads no longer 1057
exist once the shock escapes the nozzle, thereby forcing the 1058
rocket to enter a stabilizing state that it would have seen if 1059
the side loads were not present at all). Also, Fig. 12 depicts 1060
time slices of the collection of w, (yaw angular velocity) 1061
samples at 1, 2.5, 7, 15, and 25 s. The sample data at these 1062
time slices were analyzed to capture the underlying stochas- 1063

Yaw and Pitch angular velocity of rocket in body-fixed frame
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1064 ¢ distribution. Using normal probability plots (refer to Fig.
1065 14) and the Anderson—Darling test it is seen that the under-
1066 lying probability distributions of yaw angular velocity at ev-
1067 ery time slice is Gaussian in nature. This is a critical obser-
1068 vation as it implies the existence of a unique Chapman-—
1069 Kolmogorov equation, which once identified/formulated,
1070 could be used to analyze the time-evolution of probability
1071 distributions of rocket attitude dynamic indices (especially
1072 the lateral motion parameters arising from stochastic side
1073 loads). Similar observations could be inferred from Figs. 15
1074 and 16. Again, it is clearly evident from Figs. 13 and 15 that
1075 side loads do not induce any preference in the y- and
1076 z-direction motion parameters, whether they are yaw and

collection data of yaw angular velocity, oy, and pitch
angular velocity, w,, at time slices of 1, 2.5, 7, 15, and

pitch angular velocities of the rocket about its center of mass
or the lateral translational displacements and velocities of the

center of mass.

V. CONCLUSIONS

A long standing, though previously unsolved problem in
rocket dynamics, rocket response to random, altitude-
dependent nozzle side loads, has been investigated. Numeri-
cal experiments, focused on determining single-realization
and ensemble average translational and rotational rocket dy-
namics, incorporate a distributed mass, six-degree of free-

Lateral motion parameters of rocket's CG w.r.t inertial XYZ frame
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Normal Probability Plots for Lateral Motion Parameters of Rocket's CG

FIG. 16. (Color online) Normal probability plot for the
collection data of lateral motion parameters of the rock-
et’s center of mass at time slices of 1, 2.5, 7, 15, and 25
s. (a) Normal probability plot for y,, (b) normal prob-
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1087 4om rocket model, representative of small, sounding-rocket-
1088 scale rockets. The principal contributions and findings are as
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lows.

A relatively simple, physically consistent model of ran-
dom separation-line motion within rigid (nonvibrating)
nozzles is developed. By circumventing difficult experi-
mental (or numerical) determination of space-dependent
in-nozzle pressure correlations, the proposed model of-
fers distinct advantages over Dumnov’s®* widely used
approach. Specifically, in exploiting well-known, nomi-
nally universal statistical properties associated with the
random motion of shock-separated boundary layers, the
model allows analytical determination of altitude-
dependent side-load statistics and straightforward Monte
Carlo simulation of individual side-load histories.
Scaling indicates that as rocket size decreases, side loads
play an increasingly prominent role in rocket dynamics.
For example, numerical experiments show that during
short (25 s) simulated flight periods, the model rocket
can experience random, side-load-driven transverse dis-
placements on the order of several kilometers. Likewise,
side loads are found capable of inducing significant ran-
dom pitch and yaw rates and displacements.

During the low-altitude side-load period (approximately
3.85 km), pitch and yaw rates exhibit rapid increases in
stochasticity, as indicated by observed variances; similar
behavior is observed for lateral velocities. Following
nozzle expulsion of the side-load-inducing shock, how-
ever, side-loads cease; nevertheless, subsequent lateral
translational dynamics, as well as pitch and yaw rota-
tional dynamics, remain subject to the stochasticity gen-
erated during the side-load period. In the case of post-
side-load pitch and yaw rate variances, these exhibit a
slow decay toward zero. Conversely, lateral translational

1000

velocity variances grow at an approximate quadratic rate
with altitude.

The implication of the results from this rocket model
simulation is clearly twofold: first, rocket attitude-dynamics
models not incorporating side loads will predict erroneous
launch trajectory and rigid-body rocket motion, which con-
sequently degrades the controller performance owing to
greater (often redundant) thrust and attitude control effort
and lack of compensation for the stochastic loading on
nozzle walls. Subsequent work will include discussion on
theoretical stochastic mechanics of a rocket under random
side loads, controller design to compensate for undesirable
effects of side loads, and development of more enhanced/
detailed rocket dynamics model.
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